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ABSTRACT

We investigate rigid pseudo-effective classes on compact complex manifolds, espe-
cially on compact Kéhler surfaces and on compact hyper-Kéhler manifolds. Here we say
a pseudo-effective class is rigid if it contains a unique positive closed current. Using the
divisorial Zariski decomposition developed by Boucksom, we give a structure theorem on
rigid classes on ompact Kéhler surfaces and compact hyper-Kihler manifolds. And we
give some concrete examples of rigid classes on compact complex surfaces following the
work by Ueda, Koike, Sibony, Dinh, which invloves tools in dynamical systems. Lastly,
we introduce the diameter function of pseudo-effective classes, and calculate it on certain

complex torus of dimension 2.

Keywords: compact complex surfaces; rigid pseudo-effective classes; Ueda theory;

hyper-Kéhler manifolds; divisorial Zariski decomposition
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1.1 EENER

AR ER, RAWHEEE R L — R ia 2, RINIPEIIA RCE
ARz Ja B — S ARME S, X EOME S i B e SIS AE 28 R B A .

BEX R MO n NEEHY, « € HZ (X, R) 2 00— T .
AR a AR, WMRAFAE— D IEAR (positive closed current) T, E 1 ]
FRET a, FHHL, MINLZ EOEFIR A A PSH(X, 0) JE=, 1XH 6 Z[HHZE
a B AR TT.

BRI R Z A, FRATA R LAG RIS E LA B IR, BT# 2 S WA
Rt
(1) a @KRK (big), WIRFLE ¢ € PSH(X, 0) ({15 0 +dd°p > epow. IXH 0 21

Hermitian &5, ¢, > 0 22— 1FE
() o BHEUEARE (nef), WMEIHMEERT € > 0, FRATATLAELEDGH REL 0, (115
0+dd°p, > —ew,

o X 2 PIESERE, a=c(L) @ X ERMEMN LKL, a2
K (BEUEAREE) HHACHSN LE2RE (BEUEAR) . (W Demailly ()
TAE, 4t Proposition 1.2)

AL — DB HT SN R a = {0} BRI H R AT E £ 5 PSH(X,, 0) 4N
I PE a IR . 2 a BRI, FRATAIIE PSH(X, 0) 1Y) 23 (A1 605 FiT A F DG R
o AIEAEMFE A Sh— Tl G &, X PSH(X, 6) 5853/, I

PSH(X,0) = ¢y + R

AR AR LA R o 2 NIEER o

W AEUAT 8 A AR R SCBR R AR AR DA 2 IR, T35 44 1 Serre’s ex-
ample, H 1% 3 1 Demailly-Peternell-Schneider <2 2] Example 1.7, HHIE S
BE, MR Kabler T LIS C 27, SRTHE
ENIESE, TREMEANGEHEERSEIEA Rt R b, i 5 iRl
Z A Calabi FEARFY— ] (LB R IETR) o ff . R 2 -Horing 43X~ -
e BE e, .

WA BER R A E3h 1 KRG IE R R EL, 2% &2 Kahler #ifl (X, o)



DR E R f. B BARNIESE—XHERR T I~
A= hEHIRZKX, HIIE

EATf Green ¥t (Green currents), HH{7 BT £ BYAZSME . Cantat A2 Dinh-
Sibony F LAEfgH, EiA Green Jii /& iE A%, HEHIZNIERNEEAREE. If
H T+ (553 R 02 Holder HEEE

#5217 Fillip-Tosatti [y 30 % P45 1 722 K3 Hy 7 L RITE A B 201 . B
il Sibony-Soldatenkov-Verbitsky 1132 [ F1] ] % hyper-Kahler Ji & 4541 5
ik, Z5HY T L8 2 hyper-Kéhler i ERIEIA R0 %) o

1.2 AXEFFINER

AN @ ARG 2 R4 R
B4, I Boucksom 5| N[ KT Zariski 43 (JLI), #7532 7 %4 Kahler
i 2% hyper-Kahler i) E R NIPEIIA RS
EIE 1.1 (BHE3.6): % X 2 E & Kihler {Hij1f 8% hyper-Kéhler Ji ¥, o« 2 X E
AR B4
o a ZWITERTY ALY Z(a) ZNIPER . 1XH Z(a) & a BIFRT- Zariski 53
CBE EEUE AR
« 7 a ZNITERE EBUEA RS, IB4 vol(a) =0, H a AJ4 N0 =3k:
(1) 85— a=a(D}, XEDZEX EWN—1EET, a> 02— PIEEG
(2) H K a={R}, XHREPTIEHH, Hv(R, D) =0XrA X EIUER
fr¥ Do
(B) F=F: a=aY,;a{D;}, a€Ryy, Q3 a; >0, KXHE T Z2—PHRIENR
E, IFEHXTAER j € I, {D;}ieng) BWIBIINGR T K, FRATATLAKLE
2 < Card(1) < p(X), IXH p(X) 2 X 19 Picard %%

HR, FRATR R4S A A — 25 B 5 = RN S04 T 5
IR 1.2 (RE41): # X BARERK. DR EHEN A Z-A8%TF (R
204k (reduced)) , T L = Ox (D) BA4EEM . T RIS E A
(1) [D] 2 NIHE E AR o
) A L EIEAFR op = log | fpl* AN R
(3) f71E Supp(D) HI— 444, U, (H{54&M Ly biE—EAF SRR L



@p =log|fpl* AH/INKZ R, BAEBINET B @p = log|fpl® —FE.
(4) %I Supp(D) HfEf] —aaifBlsk U, 2\ Ly ERIERT AU op =

log | fpl* AH/INKZ R, BAEBINET M @p = log| fpl* —FE.

TR RETH WA 8 Y A o
HiL 1.1 (4.2): ‘X H5X EWANEERE, DD 22X 5 X' LK
BREET o BIRATAE D LB U (45, D' eaidliis Uu’), DIN—TX
Sl i

g:U->U’

Ho¥% D weg| D' N [D] ENIPER Y BALY [D'] 2 NIHERT

g, BATTREE Kihler il X _FIGHIARE a R AGUN T JCRR4E £ 4
APSH (X, a) (W55 6 ZHE ) :
E3ar (¢ — 9 | @10y € PSH,(X,0)} =: APSH,(X, ) C [ | LP(X, )
p=1
BAEL 6 TIHE T %R — 26—tk . FRATRIIS & 77 O g N iy
BB, CHE SO BRI ALE LP(X, p) 25 NI E A

diam, (a) := sup Sl px
Pl fE€APSH, (X, a) om0

FHTL, @ BRI LY diam), () = 0 XEEA 1 % p.

WAMEASC RN — LG IR ERIIA R A ERRE, 4558 a0
el 1.1 (fR86.6): ¥ E &M fZk, Wi/E End(E) = Op, Q(V-D) EECH
1, X=EXE., XX FHREMAEEXO = \/——l(adzl + dz,) A (adz; +dz,) (a € C),
HATH

)

ﬁdo 0= 2%@(\/ —D) I REZ 53 3,

ﬁ% do = dlam( V —1dzl A dz_l)o

0 a e C\Q(vV-D)
diam(0) =

1.3 R4

R R, O BERY LW IERR (positive closed currents) , DA IEA
2 EHHE (pluripotential theory) o XA EE T H, HNVHAAZESE+H



SE4%, B 2 W Demailly (9%, LK Guedj-Zeriari 190417 .

RS =R H, A4 Boucksom HIFRT- Zariski 57, FIHE, AN EE
Kahler fffi[fi & %% hyper-Kahler jif B NIHLUE R T T 5.

FEAEVUTE R, AT T 58— 2R B8 = M PERR 19 483k &5 4y . R Ueda $
WLAK Koike [R50 TAE, FATE T #hE _E19—2KER P 2 A RE.

EFTER, FA14 7 Dinh-Sibony 55 Green Jii Y LAF, #EW] | Green i
HINIPE o st IR Green Y B R £UE Holder EZ2HY, FRATTHITE Green ikt
JS7 55 2RI LA R .

FEENER, BABETUABENERRE, JFE SR T A B
BRECHAT T 1T



F£ 2% FIEFIR
2.1 RHIEL

M, RONBERE X _E0R#E (theory of currents) o 3% X @44
M ERIE, M X A%,

HATE RN BE LM AR C'(L, APTEX) FIgHh, X2 C" 25,
PR L EMa s 25 mle tab 0 < r < oo,
EX 210 B L=UgwL, B L BEEHAET X — AR @, x7)
Ho b x© 2 Q i9SAKR .

HE—u € C'(L, APTEX), 1E @ HE R Al M

u= Z uIdx(Ii)
I
T2 C'(L, APTEX) BRI LR — IR0 e -

Py, (W) = max sup | D%y (x|
it algsx(i)ELi

AL 1< i< N, 0 s <ro ZIRFNAEINT L, M AFRR (2, x0) B 75
I, C'(L, APTEX) J2& Fréchet 230H], M 0<r<oo i}, ¥i& Banach 23[A],

HNToE € SCASHERIM O A (B2 m)  ERGHRT.
EX 220 % {L;}s & X MHEEMKINT7EE (exhaustion family) o JUIJi{
S AR T A I B
CoX, APTEX) = | €L, APTE X)
izl
HA AR LF fih. MU c CoX, APTEX) BIFPEEL HOCY A j > 1. Un
C"(Lj, APTEX) & C'(Ly, APTEX) LIPS AT LABRIE, A AV T 55 SR I
iﬁﬁyo
BATAT AR A5 AT R ksl
w—u fE CHX,APTEX)
HHOCHAAE D BREE L #13 w,u € C'(LAPTEX) H

we—u {E C'(L,APTEX)



TATHICS DP(X) Fontathasa) Co (X, APTEX), HAffhan ExE Lo
EX 230 HHCON KR T & D HX) bi— C-RIEBEZ K. FrE SN
k BIRMSEES D'M(X), D'M(X) _ERREN 35+ FFNE Lo
FAFR—MRIVAELCE p, WIREWEECE 2n - po
AR 21 FIH X _ERESE, TR 5G9 ff
D'(X)= @ D7)
O<iI<p
XHEH, AR RAE W 9%
D/k(X) — @ D/l,k—l(X)

0<I<k

sk DA DR R BREAE DR (X, 1 £ 1 FEUE 0 (i
P

L, BATHGFRATES R e T I AR b -
EX 240 HUEX EWM— 1 REZEEg, BV 2 X EN—MFE, RITEXLT
AT g £V _ERPTRT

NTly, := sup (T, ) |
lloll,<l.9eD(X)
Supp pCV

ER 220 MRV A TSRV, WA X EHAAARNESE R g fl g,

C My gy < - Hlyg, SClI- g,
WX RN, ATE M TS, I TV = X,
AT e

B 2.1 W AT 50 25 X B, 450N p B BRI supjso [IT1|F < oo Xt
TS F C X, WIATRBC 50 {T;, } e H 480 p B3 T 15 :

T, - T W5

TER R BAIN A A @R T 3 E R FRATE X
d-PAI ST, ELEEECHK
Hf (X,R) := :
X R = S, ELEEROk
K, F1E L HE (X, C), Bl EResfskia b Co




H ] Poincaré -5 B 5 deRham-Weil [Ff5EH, FATHU T HIAFA
J : Hi (X, R) - HE (X, R)

FIER T, BATTE LG
!

cl : D'*(X,R) nker(d) > Hi, (X, R) — H5 (X, R)

cur

W21 X REE, B ol HIX TR S NS
IERR XTSRS ATER B, RAOTH
(T,B)=J~1(T) — [B]
BT - T =5, &i1a
cl(T) — [B] = cl(T) — [p]

XA [B] € H (X, R).
Hy Poincaré X, FA1H

c(T)) = c(T) 7£ HKX,R)

22 ERELWMIER

WX B2—PMERE, FIHE EN—PHER, JATTLE EHE BB
M IEYE . FRAT15E% B RER g Y
EX 25 BV =T,X, W—1 (p.p)-E u € APPV* BeFRA R IER AR A
o eV, 1<j<qg=n—p, WTFEX
uA \/—_lal AT A A \/—_laq Aa?
& X = NEM. — (p,p)-TEK v e APPV* BFONSRIERT AR v 200~ Y4 G
v= Z Vs\/—_las’l AT A A V=10 AT

Hrfa®™ € V* Hy, >0,
FRFE23: Yp=18n-10, PLEWRESZM
XA, FRATATE SR -
EX 260 —MRT € D'X) HARERZIER (50lH, SRIER) WE (T,u) >0



XA IE R RIER) (0, IR WP v e 27P(X).

AT DAER IER ) &% KRECEE M, B2 F R K.
#5587 2.2 (Proposition(1.14) F Chapter 3[81):  [T—4%0k (p, p) IEF

T ==Y 1, dz! AdZ’
1,J

. B 0. BIERRE Ty, NEME. BWL T, = Ty, A
|[| = |J| =n-po H TI,I = 0, /EU”\UJE T],J H/‘J?@Xﬂﬁ |T1,J| @{%Eﬁﬂ?%%ﬁ

ATy gl S22 Y 23, Ty as INJCMCIU,
M

Horbr 4 2 0 BT —REH Ap = [eer Aeo

TR A A R AT A (6 Y 2
L 2.1 BUE X B> Hermitian e w, RV & X EM—1TE8, RATA
HHC = Clo,V) flifs

1
STl < | Trar <ClTlly,

XA 4EECH (p, p) IIESR T o
R, P BT
Wit 22 B X BE-BERFK. & () 29 (L D-ERH, Hoo-[FH3a #.
N T, 2T
TR HUEEBI T, 75 X B A— 8B A Bl 7 X _EfY Gauduchon FFRE, F
T
J‘EA#”=YN-MWH
X

7w, A O RS, TR R, EmEERA R, ks, B

2.3 ZERIFMEEIIENE

AT IR B HROA R A, A TN EATRERE I IEHRZ R
HK 2o
EX 2.7 HEEFFE QcC ENEERFAEE (Hic i psh i %) 232 T
FHHEE @ © Q 5> RU {00}
« @ FIESE



c @ WREM T EHEALER: Mae Q, FLEeCWEIE =1, r> 0 i
B(a,r)c @, HM1E

2z

w@<§] oa + re?&)do
0

B4 R BATRIRER, R
p(a) < Jlfl—l p(a+ré)do($)

HEAL do (&) JZHAEK 18] = 1 _ERYARIERERINE . JX Rl i X i LAY ASEA T &
Brtaal.
B 2 [0, r] _ERUBERINE, ATA

wmngmeH¢w+de@
FERR AR T
J @la+rO)dV(¢) = @”HJZ"Hﬁ @(a + 1&)do(€)
[g]<1 0 |&]=1
X2

@(a) < @(a+rHdV(Z)

_L{
|B2n| [¢]<1
VENHER, 0 e L, BrE o =—-c0. BATE

PSH(Q) := {op £ FLE XM He # —0)

B 2.3 B QCcC BT

(1) % @,w € PSH(Q). H o <y ¥ UURIE T ILPLL S, W o < w Bk
o

(2) If {;}; C PSH(Q) /&5 FE&H 5. N @ :=lime; & 2 L) psh sF%L (7]
HENTEST)

(3) # {@;}; c PSH(Q) H#A —5M LA, M ¢ := (supg)* € PSH(). H
(sup @;)* = sup @; & DU EE T JL-FAEAL T

(4) % @,y € PSH(Q), ] max(p,y), ZT¥ € PSH(Q).

TR (1) mZ B R A e st

@(a) 2 limsup (&)

é—a



e EARE:

p(a) =

J @a+rd)dV(S)
i<t

e
A5
) EHERIFET,
3) T

2 2

pjla+ re'£)do < 1 J o(a+re'?e)do
2r

1
@(a) = sup ¢;(a) < sup o J
Jj i 0

0
T o Wi B FBEAER. T2 e, =(@xn) e C®R,)NPSH(L,), H ¢, H
W R w € PSH(2).

BATVER w = @ JUPALAL NS FEHHEFRT, w # —co, BN {o;} WA L
B, T2

;<@ xN. < @*1,

RS <" <y. FIHA), AT " =w ZHXFAT, Ho" =9 JLT
(4) HE M RMTEEZR IS 2]
|

EEMIE L, AT EW N2 BRI R BIIES, FNERE LNE
IR FTR B N EE
EX 28 X ZE—NERKE, 0 2H EN—1 306 A, D Ko X -
RU {—oo} @& I EA%L, ?‘zmﬁu?m%
* @ BMEZEYOHMEE, HHAY —co # @ FES EEZ E AR S OGHE R
AT FRATICIXLE R Bl 25 )2 QPSH(X)
© @ 2 O-ZEWIEME (ECh 0-psh) , M HAY o BIZ HEOATIRE, H
0 +dde > 02— IE. FRATICIXLE R AU k1923 )2 PSH(X, 6).
AR 2.5 fEE A5, JES EIRATAE 0 = dd°f, BAL f ORI T2
@ € PSH(X,0) Y HALY o + f S8 L2 F A . T2amm2.3 g ios 0-psh
PRECER T . 47 X J2 % Kahler ], FRATH QPSH(X) = U,PSH(X, 6).

X RERIY, PSH(X,0) c L'(X). FA1E L PSH(X, 0) RN A L4
Fho FATITIE PSH(X, 0) 7EIXANMFFN T HYTE T -
#84 2.4 (Proposition 8.4, Proposition 8.5 F°1): %} PSH(X, 0) fi#5LA F4RFh, 3

10



fiTh

(1) PSH(X, 0) & L'(X) WAF=3d].

(2) B PSH(X,0) 3 ¢ > supy @ f£ L'-464b F Lk

(3) % (@ € PSH(X,0) | supy @ = 0} 2 E 5.

(4) & @; = @ 3 PSH(X, 0) BAYEUFH, W {e;} A LR, H

Q= (limjsup ®;)"

2.4 Lelong ##0 Skoda "% =

ENX 2.9 X BYAECH n WERK, T 2H E—NEH (0.p)-F. 4% X -
[—> Hermitian T3 w, & SIEM TN

or ;=T AN"?

X x € X, U A x WL — 405K, BCe,r) XA RR N RIGER, i
R

or(B(x,r))
Pr2p

XFr >0 28R T2 T £ x ARJ Lelong ZUE SN LA MR -

r—v(T,x,r) .=

v(T,x) .= lir(1)1+ v(T, x,r)

RIS AIE V(T x) BYE SUMERT 0 S ABAR-R IR
ERE 2,60 IEIENARAUET — v(T,x) X T 2 LESR), X IEFTA S « 9
Fho PR EHEIRIAT x » w(T,x) X x € X /2 TSR, IR X 1
fifAT Zariski #i$ho

XF (L D-1EHR T, H Lelong Z0r] FH Jr it & :
Rl 2.5 WX BAEECH n MERKE, T 2H EM—1NIER A, D-%. BL,
T =ddp, ¢ € PSHWU), U & xo Ffi)—"rR. W

V(T x) = sup{y > 0| p(x) < ylog|x — xo| + O(1) HxiEaTxp} =: v(@, X))

WX G RIUIT, Lelong $CAT b ] 8254511 -
W26 WX BEEWRK, T E2H EW—AFW 0D, #(T)e H;g(X, R).

11



il
v(T,x) < C=CX,{T})

R % o /2 X L Gauduchon i . WHE—ASFRR U, FRATAIEUE R —FF4E U
5%t ye U, #1TH By.ry) cU. Tlxtyel
wﬂﬁgww%wb<wgnjﬁﬂjd*}
JU’U ﬂ'}‘U 7L'I'U
BT X 2%, kU TR X AR, T2
[T} {o" "}

2
7U‘U

v(T,x)<mLa]1x =C(X,{T})

izl Lelong %7, FATHUTTIRH Skoda FAliit
£ 2.2 (Theorem 8.11 FO): JZHE L2 35 v(g,xp) 2 n, M e ™ & Ll ({x})o #
Vg, xg) <1, e e Llloc({xo})o

A b 3 (X, 0) 72— 5 Kéhler i), MIAFARE o = a(X, 0) > 0 [F13XT
@ € PSH(X,w),supy ¢ =0, FfTH

J e ¥ L C
X

X C 2 AMEHT o B9 —EH A

25 EFEaRE=ES5EM

T E, RO AL Eiar 55
%[10] [1] .

W LEERE X EH— M2, FATENL L FRFREENR:
EX 210: L ERFFRE R N AY— Hermitian &, £ L 19— MR~ iL
tho: Llg—>02%xCF,

, HHRNAZ I Demailly f3C

il

111> = 0P, xeQ,éeL,

XH @(x) € Ly () kN iZar 75 AR (weight), FRATH 2 AR AT RAL

loc

(singular weight),

VL L BT ST T 0,07, L 1f— 7 58 Rt 7 A R 72

12



Woel (@), ¢ el () EA%KIKQNQ L, WERHLE
¢’ =@ +loglg|’

AL 0" = g0, g € O* (2N Q") IZRALNAIFN KA. TH240 N #35R (curvature

current)

V-1

T =Y—30p =ddp
2

RATFRE SC, BIAMERT S AL RYIE L, HAE X _ERRME Lo 5 iR T Z2I1E
i, FATPR RZ A &7 e BUZIERY, FRR RN IE A Ao

# L=0D), D=Xa;D; /& X EH) Z-Frv FATTLAZS L —4 BHIARR A 5=
BT

¢ = Zai10g|fpi|2

XH fp i2 D; HYRIHESE SR B I EINE-Lelong 203, ERIHIRFEUE A [D] =
2 a;[D;]e

B L Fi—A6H Hermitian 5 by, 30011558 (IF) 7R 55 10 F BR%ss

[ X B
« L ERY— AR b, JRATTE LEEL @ 1= —log(h(e, e)/hy(e,e)), iXH e
L LI JEEAE 0 B i o € L)

loc®
s (THlp e L, ., TRATELHFER h=hpe .
o LiREr FE B IERE A ALY
@LJlO + ddCQ)
IS, XH 0, /& Hermitian 2 (L, ho) [UHIZE . KB T AT IE 45 AL
R TF A ML IR R ARG
PSH(X, 0, ;)
FIAAn EEE FRAT4 5T A HEI 2 EUOR AR L (8 6, , -psh) Hh.
BATFHE OGN I
EX 2110 %602 X E—1uEen A, D-EL, HR¥EW. o 2 X Ei—4
Hermitian JE=, FRATE L
(1) 60 ZIEM, Q15 0 iF KM 1EE
(2) 0 EEUEARIY, MR AE—e > 0, (FIELIEFE @, (115 0+ddp, > —cw.

13



(3) 0 ZRAY, WRGFAML BICHEEL @ (615 0 +dd°e > ew, AL € > 0.

(4) 0 ZIARH, WRGFAEMZ EIIMELL ¢ 15 0+ dd°e > 0.

(5) 0 /2FIERT, AR 0 BRIFIEE

FATHERZE o ALUEIEYE, WAREA— el RFITili MR FTii 4
e LALLEIEME, WREWRZE o (L) AU EIERE,

T TR 7€ LR E=s 8] PSH(X, 0) HHIT R I AT s
EX 2120 1% @) Fll @y & PSH(X, 0) I EREL, A1 LT
(1) HMEE @1 = @y, BEE UL @) @y BHET T, WMRAHFEC > 0815 @) < 9 +C
(2) TATEN @01 = @y, BFEVL @) M @ AMFRIE R (singularity type), IR
01 20y H oy 2y, BEFENH, FAEFEC>0{1F e, -C<p <p+C
ATt @ € PSH(X, 0) EAM/NT AL, ANSRAE(T PSH(X, 0) "R ECER L & 5
5. AT PSH(X, 0) R E A/ N TR B SR A B il PSH (X, 6)

TR max(ey, @) € PSH(X,0), (PSH(X,0),=<) 21 (directed) i 775
4 X 2R EN, (PSHX,0),) A Mot En s H:

V, :=sup*{p € PSH(X,0) | ¢ <0}

VLR PSH i (X, 0) # @
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E3E NIMIBERERN Zariski 72 f#
3.1 NI BERE—RR R

BX 34 B X MY n (LT —A (1L D-IEVITE T B (R
WEBRT T ASSN, B HAA ERG T WA T’ € (T) € HZ (X, R)e i
% a € H A (X, R) BEFRIENITER] . In e te g — MR (1L D-EATE

FRATIE WIS A — e P Jo -
el 3.1 L€ cC H;’EI(X,R) NPE R HIHE, R AWIE A S 78 3R
(REE]
(1) a,beEHa+beR %L abeR
2) 0eR
(B) aeRHAER,yZi laeR
4) R cbd&), 8 € =R.
WERR W7 = SCRIAT A5 o X R R B A, 1 a € RNE IR ARME—0 € €,
FATEE/NMNYIEE O<e<< 1 ffif5a—-efd €&, HT RDa=(a—eB)+¢€0, Ik
MMG0eR, TER=E ]

RS W X 2 Fujiki 25 C 1Y, 55N b, X B — Kahler i, A4 R € bd(€).
XN A BRI SR AR 0

W2 AT DU B A B INaT R AU 22 B VR R 45 ek ) 1 -
Rl 3.20 #a= {0} BIARE. 0 Z2EMEIEFH— I WL
G :
(1) PSH,iy(X, 0) = @ + R X IE— K%
(2) PSH(X,0) = ¢+ R
(3) (0} NI
UERR HFRHUER (D) #EH (2):
ME—w € PSH(X, 0), /N E—FH KIEEL BATTIE o) <wp)—1
i~ p€X. BT

max{e,y} € PSH_;,(X,0)

15



Bl (1) A max{p,w} =p+C, HF CeR. F—J7H, H max{p,y} > @, KA
HC20, HC>0, 1w =9+C. 5 C=0, M1 @ =y, XMILAITLE
HRE o) <w(p)—1 7 JE N

A0 22 B R AT PR AR o] T g Jo -
#38R 3.3:  (Proposition 1.12, T 3% 7z v — X 2P Kahler JiJF A9 446
WG, 002 X ERDEE M (L, DB & e 2 X RGN R 0-psh 5%, AR
Ko 2 Y FHAW/NG R 770-psh R WNR «# BAZEENLTYE, BT
A

#*PSH(X, 0) = PSH(Y, z¥0)

N, ATHE
#EL 310 a1 Y — X B K Kahler iR 45T IRIAREE o A
EWIPERY, IRA ra A2 Y ERIRIPESS . IR « MUZF4ERRIZIEHIYT, 2 a 2
APER 2 B 7% a 2 IR .

IV TE VAT T e — T
BE3AT W T REEE X FHAIEEMR, o« = (T) € H(X.R) 2B
%o AR AIR IR E AN
(1) @ PRI
(2) XHE— FHEIIESBI 1 AR age 47 T; € 1 +a SRR —
P, FRA T S oIS T T
(3) AEATHMEIHI 1 UMM 000 47 T, € 00 +a RSN
—ANERIL, A T RS IIRE T T
TERR (1) 24y (2) POIRURTE I BRI el ZIELEN) . () RARZS 3)o ) 2 (1),
BN AP N ERR T # T FERES a th, TRT +0T M T + 0Ty £H
Heslr 31, EA R '

3.2 WBREMRTF Zariski 7> f#

Boucksom fE3C# LGN T By Zariski 43, FRATIEMG/ N7 R 4 4
Ho

EX&ZA&X%~4gﬁﬁ%ﬂméxL%~¢Hmmmﬂﬁta%Hgamm

16



IR . FRATE AT

(1) R a BFRIEZEIE Kahler 254 HAUY B A4 —> Kahler jit T Hii &£
wWT,D) = 0, At D B X LA R T FATVHE IE Kahler 544 p%
HETL N MK

() RS a IR EIEREA R Y HAUSMER € > 0, fAAE— N IEFIR T,
WET,>—ew, HwWT,D)=0, I DGR X ERITERERT. ITHEIE
BAEA BRI HEIC N MN

AR 3.20 Y X 2 EE Kihler fijEff, &1E Kéhler 255 Kahler 25—#£, &

IERMEAREEANEUEA 2. (W Section 4.2.1 F171)

AT BINBRT Zariski 53, FATTE SUA RN/ NEEL
EX 3.3 XA @ € HE(X.R) LUK x € Xo FATE L a 1k x AN
v(a,x) =sup _inf W(T,x)=sup v(T,,X)
>0

e>0 I'2—¢ew, €
Tea

HEEE vie,x) & x € X I BT8R RATTLUEN a G —1P&REF D
1 — B /NEE %Y (generic minimal multiplicity)
v(a, D) .= xlglf; v(a, x)
AT LAE R v(a, D) = sup o V(Tiines D)» H v(a, D) = v(a,x) X x € D [FF+—1> D 1y
FERR Zariski FEE T o
EX 3.4 SO S BROTE UAECE « € HX (XL R) BN
N(a) := )’ v(a, D)D

D
a 1 Zariski #5750 1E R E A
Z(a) :=a—{N(a)}

BRI E a = Z(a) + {N(2)} N a BT Zariski 53

B4 Zariski 2} R4 IE# A 0N BT
EHE31: FHace H;él (X,R) B— M EHE.
(1) Zariski 7}MEH)IERS Z (@) 248 EEEA R -
(2) BAMTE Z(a) = a HHAY o BB FEEEAR
(3) Z(a) BEFASET o FURF. Filih, Z(a) 2RI HAY o 2L,

17



FATHEL TS Zariski 43 i 7 EB A 5T

EX 850 (1) —HKHEIT Dy, Dy BRI RZBISY, 2 ELOUS i 32 D,
I R TEAR AT 8CHE M (LFE O SLHRE -

Q) —MHHRBET EREBRIERBISNG, 2 FLACH SR BRT5 h 5
(SR
IR AT B

EE32: (1) ~PHMRFT ERBISY, HEMLY ZUE) =0

) W E 2 DHABI REE T BATH E = N(E)).

(3) W Dy, oo, Dy REIRBISIRER T, IBARIIESE (D). . (D) 1E NSp(X)
HE (X R) 2050 103, G193 B 1 A A X119 Picard 4 p(X).

4 X 284 Kahler sl % hyper-Kahler #iift, H MM HY (X, R) FA—
ALY ALY g
s X ENEEME, FOTE L g AERIEA:
g HM'(X,R)xH"''(X,R) — R
(a, p) J a-p
X
« 4 X 2 ANYEECN n o= 2m Y5 hyper-Kahler JiiJE, B—4F 0 #ii o €
HX, Qﬁ), FA1E X Beauville-Bogomolov — 7k :

g : HV'(X,R)x HM(X,R) — R
(a, B) = JX a- f(co)""!
¥ o e E—1HE 0 FE, RATEEAT LA
g(a)" = J o
X

AT LIER Bk — i g £F HY (X, R) (8 NSR(X)) _ERYFFS4 (1, A (X) - 1)
(8 (1, p(X) = 1o FIH W q. FATATLIE HM(X,R) (B NSR(X)) X Fas
I IEACAD, XA FRATEXL P HHES {« € HY(X,R) | g(a) > 0} {34 Kahler
BRI MEE S Y . AT 9(@) 1= g(a, ).

T q HBRt Zariski 0 AEIRGF R, X Zariski 0 ARRVIERS, 34

AR 3.50 ¥ X J2 %4 Kihler fiii sk % hyper-Kéhler 357, ¢ & HYY(X,R) 1Y
BT, RAOTH

18



() MN Cc & nP

(2) q(D,D") > 0 XM ANAF ) ZEBET D, D'

(B) Pcé

@) MN =& BT P EXME, FITE MN C P,

SRR 3.3 Y4 X 2% Kahler fiifH, {&1F Kahler 2% 5 Kahler 2% —#£, (&1F
BUEATBERBUEAT B (W Section 4.2.1 +171)

Zariski 73 i) SRR o] 8 g 2] -
W 3.6: % X &4 Kahler fhHak % hyper-Kéhler 7. ¢ & HM' (X, R) 1
BT AR, Dy, -, D, B TRRR T o IR AIKIRER T2 SN 2 B R R
(q(D;, D)) 5218 E M o

Zariski il A SR IR g A :
EIE 3.3: ¥ X &4 Kahler gl ok % hyper-Kéhler 7. ¢ & HM'(X,R) i
LA e € HY(OXGR) BIUEREE, MK Zariski 52 AE10F 7
SCOFME—HI 3 B o BB IEEEARE (XEE Z(@) 5617 R-GRURT
(XEEZ (N}) Bf, HAE ¢-= LN IER,

FeEf e, BATREWI B IME 2 R-FR-7-H M -
EE 34 RER-NMEERY X ENPISMVER R-BRT. WRT € {E} 21
I, W T =[E],
WERR SRR A T > Xpv(T, D)DYe F5—J5 i, i/ INEERH AE L
V{E}L D) S W(T, D)o T2 T 2 INUEDI. BT EZ PPN R-Br v, FATH
N({END=E. 8T 2 [E], T - [E] Z[FHZN 0 FIEMA . X FIERME, dd*-[H
208 0 [IEMAR AN 0, T2 T =[El. n

3.3 NIMEMIBEBEENEBIEEE

FIURIR 1 Zariski 5}, AT M HIZ1L
ER 35 WX R DEEWIY, « € HOXCR) B PIERES W o ZHITE
HH AR Z(@) A
UERR (R Zariski 53, @ = (N@) + Z(@)o # a RIS, W Z(o) H2R011E-
R, #F Z(@) RIS BT R o S —NETE, BT Zariski 5 #H)

19



TEX

T > N(a)
TR T - N(o) LA, [FRZEST Z@e M1 Z(@) BINITE, T — N(a) B
E, T T M. Al e 2Nk, |

W X 254 Kahler il sk & hyper-Kahler i/ . ¢ /2 H' (X, R) _EAYHE 1k
W 8117 g 78 HM (X, R) (8 NSp(X)) _ERAS2 (1L,AY (X)) = 1) (8 (1, p(X) - 1)),
FRENEINTHL:
513 3.1 % X 2E% Kihler ffiTa ok & hyper-Kihler 357, ¢ 2 HVI(X,R) ¥
WY R, . BOEPI HY (X R) Pt E . R g(a), q(B) > 0, NILLF AL
M AVA
q(@) - 4(B) < q(a, p)*

AT L BACE o M1 p Mtk

UERR A TSCIEIRISER Aczel A 5F:

5138 3.2 (Aczel % ): ¥ (ap, a1, -, a,) T (by, by, -+, b,) & R HI[1 (n+ 1)-704L
Ho &

ay— Y a; >0, 2b2>0

i

n

(a? - Z (b} - Zb)<(a0b0 D ab)?

j=1 j=1
ZAEEJCE‘&/—IQ 5 %aﬁé (aO’ ap, -, an) iFD (b()’ b]a T bn) E R’H_l EFI:/H\:éjéo
WERR 25 & AT X FR A

2 2
H:( a0_271 J a0b0_2/1a1b1>

2 2
aghy = Xjm1a;b; by = Xjm1 by

b
(bo —Cl()) H( 0 > = - [(boal - a0b1)2 + -+ (boan - aobn)z] < 0

20



FEFE H AATREF A% IEE . T2

n n

det(H) = (ay — ) @) (b5 — Y b3 — (aghy — Y, a;b;> <0
j=1

%%&E%HR% (a()7 ala R an) %D (b()9 b19 R bn) :/Héé:{jo L

T g £ HY (G R) EIAFS 2 (LAY OO - 1), FATTHI—21 HY (X, R)
E/\J R_% {e()7 e]7 Tty eN} 5 {ﬁ?%]::\{j_(ﬂ q Eﬁéﬂg?%ﬂ_‘—\‘% dlag(17 _1’ Tty _1)0
%Hj"ﬂ‘]ﬁ a = aoeo + aeq + -+ aney, ﬁ = bOeO + blel + -+ bNeN , %Iﬁ%ﬁﬁ

2
- a 20, by-Y b0
j=1 j=1
M 3.2, ®’ATE
(ag— D @by — Y b < (aghy — ). a;b,)?
J=1 j=1 j=1
XA (@) - (B) < gla, B, FEaUHEY HALY a F1 g Hks N

TEAMHEE, FRATA
#IL 3.2 % X 2EA Kihler flji5 % hyper-Kahler i, ¢ & H" (X, R) LY
Y. K ae MN H q(a) =00 QIR a =a) + oy DA, H
q(a)) >0, B4 ap Fl ay HhZk,
B T 0 = q(0) = q(a, ) + ay) = qla, ay) + q(a, &) Z W DHEGEINT, FRAOTA
g(a, o) = 0o JEE qla) Fl qlay) AES, RIS EE 3AFRATATRD @ F1 o) 2280 T2 o
oy 2k, ]

Gt AR, FRA4 HHE IEBUEA R E S 1 4540 R
B 3.6: ¥ X EZH Kihler sk & hyper-Kahler i, ¢ & HY(X,R) _F1Y
B TR a € MN 22— PRIERNE EBUEAREE, T2 o PRYME—IEF.
X T 0GR B 25 57 i

T =) a[D]+R
i1

At a; 20, D, @FIET, v(R,D)=0xXIrAHNERRT D. ATEUTZ;
(1) {R} 22— MMEEBEABEINIMZE.
2 T=Ru# R=0,
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3) HER=0, WT=Y,alD,] & EWRA, HLNFHRHGEEL

(3.1) T =a[D], XT D E—AEBRT, WL aD)>0, Ha>o0.

BT =aYealD]. Q3 a >0, a> 0, XH I 2—HRIETRE,
HAD Yeng) B TRBINEBR THFTAN j € T. ¥:0H, %014 2 <
Card(1) < p(X)o

WERR (1) BN ERIE L, 0=v(R, D) > v({R}, D), L {R} € MN o HIT a

P, (R) R

Q) HEFT) =0y +ay, K a; = s, a, (D} BBARE, @ = (R} BIEEH

A T (T W EE EXUEA, vol(T)) = g ThH? = 0. FIFE

32, WATATH @y Tl oy ke 1oy M ap HORIME, FRATATHIERRE Xis) a,1D,]

M1 R 324 42 IR WIE AL T D, L1 Lelong %, FTAIM W52 00—

40,

B) BT =Y, D) BRI ERT, HLEFEEET MN o LT FF

I R

G.0) fFE— i3 1l gD) >0, a,> 0. F/

{T'}=a{D;} +[ 2 aj{Dj}] =ato

JzLj#i

HT q({T} =0), (T} € MN . FIFHER 3.2, FATTH a) Al ay HiZko
HRITE, FRATATH @ LD AN X 1 i LD 1 VEIE L2 11 Lelong
B HE#H R0, T2&T=alD].

(3.2) BT = Y,cyalDfl, a; >0, I C Zyy FHAKEW T, HXAR
iel, M qD) <0,
I T SNSRI A FE B Picard 20 p(X) 45451, FATTS N 2020 F 5%
PERECRIEREE: XA J I, iR Card(J) < N, BB ABRT
{D;}jcs RBIIMNG. T2 N 21, N<p(X) H N < Card().
#r Card(I) > N +2, JAVHIEIRERETTRS, 153

T = al[Dl] + -+ aN[DN] + aN+1[DN+1] + T,

RE T 2—PEFAMGAAERWEAR, BN ZERTFACLS
D]""aDN+1> H {Dj}1<j<N+1 II%WU&F@%%%O %fﬁﬁuj:gg%? Zariski
I IE B

ao = Z(al[Dl] + .-+ aN[DN] + aN+1[DN+1])
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TR IERUEARE ., HHABSIEAE (D qjavn ERABGRT T, %

Ro TRATY AT BE ag 1 MEEGF LM BT q(T)H =0, {T} €

MN o FIFIHEL 3.2, FRATATH ag A1 {T} —ag 3k RIME, FRATATHN T,

1T R IEL . X Ty /2 a PRGIEMR. BT WT, Dyy) > 0,

v(Ty, Dy o) =0, FANUGEI Ty =0, XET)F.

¥ Card(I) S N, W (D;};er 2 BINGE, (T} ARATREM EXUEA R

Fig Card(l) = N + 1. 11 F N < p(X)— 1, B4 Card(D) < p(X).

|

SERE 3.4 FfH Demailly iF4r s, BIScEzl2 by Corollary 7.6 A2k, 24
X J% Kahler #ifif, FREMA R L V(R x) =0, R2, =0,

RATEEL IV ER] 3.6 (3.2) H a; HYA FELE:

WA 3.7 % X 2%KE Kéhler e % hyper-Kahler i/, ¢ 2 HY(X,R) L
WYL, % D= YN aDya; > 0 B4 REEET. WHE (D} € MN H.
1

q(D)2 =vol(D)=0, N {D}=a{D'}, XH aeR,,, D' 22— Q-HRFxT-
WA T D ANZBINET. FrLABRFIE (D} 1ccn AEFIIMYT. FEWTFRRT
Zariski 7 fifHY 1E 5B

ay=Z(Dy]+ -+ [Dy]
ag AN O, A D} 1ien NEBISMT . B Zariski 73 AR, oy FTHATN A
W Q-Fr1FHn

Dy =bD;+ - +byDy
AL by, by, -+ by € Qyy

¥ Dy e E— T/ NEE, FATH D—Dy 2 0, T5& {D} = {Dy}+{D— D}

B MEIEBUEAREMIIAE R R AR 3.2, FATA7H {Dy} f1 {D} 3L

Z. TR {D} =a{Dy}. "
VEREgE, & Kahler ffi T sl 5 hyper-Kahler Ji ¥ _E RIS IE AR 55
NUNTR =2%

%—2%: T=a[D], XHa>0, DE2—NEKET. WL qD) =0,

H2: W(T,D) =0 XrANZERRT Do fEf E, T 3&W2E w(T,x) =0 X}
i xe X, T2 =0,

B T =Y a[ D1 TEAERE 3.6 (3.2)0 BATAT LAIE X 88— 2R NI M2
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Js k. (blow up) {31,
P BBt E 2, BATrT LA EAE VA R HE P il s i L IR R P 2K

xo
#it 3.3 % X EEE Kihler 1A sE E hyper-Kihler {7 JE, a 2 BRI
PR T4 a fEHE € BRI 2 BALY
(1) a={D}, DE—1FEKET, WL qD) <0,
() a BIEHUEAR, HEE KEEE NIk,
WA & a B, B4 a = Z(a) + {N(a)} 22— F T 1R o RREIEEL
EAR, B2 a={N@}, HH N A 1TRDE. W« 2B EBEARL
W2 EHATREE S — KRB 2,

pudk, W a = (D} X —1KEBRF D, q(D) < 0. B4 a ZHm, [K2h
[D] /22— DA IE A AR a B IEEUEARL, a = o) + ap @ MHUAREEN
o & a; (i = 1,2) H—DEBIEEUEA RN, IE2REHER 3.2, a) flay Hizko #7
a; (i = 1,2) #AMEEBEAZL), FE

a=Z(a)+ {N(a))} + Z(ay) + {N(ay)}

JAN (@)} + {N(ap)} =caXte>0, T2 a @0 KN, XEFE. MIXFh
HUAZHEL. T2 o mHJ ]

FATTRRT LIRSS R NI IE P A a0~ B 21

Wi 3.4: % X > X 1% Kahler [l nf % hyper-Kahler i 1 4 (proper)
BOFRALG . 75 T 2 X _EIg— M8 2RIEAR, B2 T g X Ei—4
5 RIET. FFAIML, 7T 1Y Lelong £04b4L 4 0.

WERR T B A N BRI (2R 48T, 45 T /2 NIV, W 2T 42 Wi .
TATY REUEARN, o (T) WREEABIINIES . %7 0 X\E » X\E 2R,
M z*T #£ X\E F4E 0. H w(x*T, D) =045 X\E b 8 a*T RAlREEE— ks
SRR, N 2T AR E B, 2T g =00 2T & X EI—4 5%
B FEAHL, 7T 1 Lelong 44k 0, ]
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$4E HEIH—ENIMERT

FEICEET, BATFBEL T X LR BN 0BG IR N fhZk C Ktk
Jit, JEHGRHEEAUAREE (C) NITERY 51

4.1 RIMEERENYILZE

TR, FRATH WA IR TR © 4B T L
SEA1 WX BREERE. DR WG ZH8ERT RS (re-
duced)), il L := Ox(D) 224 W F e EAHSEA
(1) [D] 2R IE
(2) 2 L ERIEZ SR op = log|fpl* RN AL
(3) #7AE Supp(D) Hy—ALU4RIE U, HAFLM Lly bfE—IEAF S

op = log|fpl* FTH/NGATLT. BRAFERIA LA op = log|fpl —FE.

(4) X Supp(D) [FERT— A 4x4i4Bll U, &M Ly LIEFSIHAL ¢op =
log | fpl* HHE/MUZTL, BRAFEIIA A @p = log | fpl* —FF
LERR (1) BARZE S (2 RATIEWT () L (1):

BT R (D) € H (X, R) B RATHUINT AU TE AL T2 v(T,x) =

vllog |fpl?, x) AT x € Xo FUFIFHIIAIMIE, HA1135)

T > W(T, D)[D] = [D]

T — (D] ZAERY (0) € HA (XL R) FYIEMIR. T X REE, KAI16
T =[Dl. #[D] ZRHER.

Q) 254 (4):

MA@ & LIy LRIER SR, CRIE ST op /Mo BEL,
iTH Cy > 0 fifits

p+Cy=@p 1EUL

T @p 7£ U\D IMEH . @ —op &1 EXT U\D {y EFESR % I D 1P
DIV, Vi, fifEV, Vi Vi cUs i VW, R S5, BATH

C,2o-9p HEV\\V,E
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T 2N E S L HIEAFSA T
~ max((pD’(p_C]) X € I/l
P(x) =
®p x € X\V;

Hﬂﬂ:ﬁ Vl\VZJ: Ci2p—@p, max(pp,p—C|) = @p X x € Vl\vzo Eﬁ( (Z Eﬁ?ﬁi)\io
BT, FER
»+Cy= op

BT op BAWNG R, ATH op+C3 = 3o X5 @ 12U _LEFELL @) TH%/NF
JEo EEE.

() 204 () : WRBRATE—A X F LIEHFSN o, CHFEL op /N, T
oly BT @ply /M. T (3), FATHIE oly Floply FEEE—FE, TR 0—0p
U FER (8L D). T op fE X\D 36, (16 ¢ —op (£ X\U LA
Wl TR X b, o W EEM ep —H N
ER A W RIERIY X R B ERA L, & IES S @ F AT
S
(1) @ HAN/NG o
(2) 2 L EE—IE 2 SR o AE/NEE A, BIEEIH S o — 1.

X REEWY, FARWIEREY, RO L A BA N N I AT
TR B X ARG, WA Q) HS Q). FOdRA—E T

D [N R B AT, BATA I TS
w42 WX5X BHANSERE, DD R X 5 X' ARG
BRAFAE D ARSI U (42304, D' AR U'), IR — WA it

g U->U’
H¥% D ks D' W [D]2WIMER Y BALY (D] 2RI
TERE VR g ¥ O(D)|y [ IEZF SRR —LE] 0Dy (IEZF S, FE B

P SR TEAY log | fpl?e R @41, FRATEHIZEE, |
142,24 i F k5

& 4.3 (Proposition 4.3inl™1): 3 X 2 —NEEHHE, C 2H BB
AR ZE . WL (C?) = 0. MIFFEAE— A DU #EUT (modification) ¢ @ X — Y,
kY B—HAUH, C H5BISMRT Excle) A5, H o(C) 2 Y 1—1-4F4E.
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Ve, BATE
WL 41 X ENEEME, C 2H MR BARARZ. N C 2
WL R T4 B B RFIANR T, Bl (C?) < 0,
TERR 24 (C?) <0, C 2SR, BEMERIMERT. 2 (CH >0, CRKBRT. It
AT RENIE o

FREATAH (C?) = 0. FIH iR a i, AT SCHY SABG Y ¢
X =Y. B CHAMAEHE U, 413 U BT Exc(p), T2 o ¥ U WALHIBE] Y
H— DTV . b V 2 @(C) H— D248 T @(C) JREF4EMI— D eF4
CAERENIM: . v Ei4.2, C AHIRENIME:, n

4.2 Ueda $pigiiEie

FERT /N, FRATABERR 7AW & B SR IE B o X & B A1 25T
FER TSR 15 T (4 — D BB BEFRIE Ueda i, & i1 Ueda Fd57E 30
el Al W Neeman 1 545 305 191 5 T.Koike 11— 251 T4k

FEIEIHERT, FRATA 23 FHE LM (flat line bundle) FHES LA & — 44
P o
EX 41 WEREREM L—MEEM. BATR E B PHELM,
BAEAE M (DI U = (U ier RAAR REAAKE ¢ ST 1 = 6/,
IR R 1

XA M, AT I T &5 R
@& 4.4 (Proposition 1, FU): % E 2GR M EH—1MELMN, g(E) €
H*(X,R) /& E (3. &ATH
(1) R E B FHELEM ., M cr(E) =0,

) W M ZEER, H dim#H'(M,C) = 2dimH" (M, 0)). I E Z—A-FHE L

M ALY cp(E) = 00 FEREIY M 2 Kahler FiBH (Eriiltl, S48 L)

R EI R A RS 1 AR AL o

REMTF ST % C 2 T X BRSO EHH I S 2, AL (C?) =
0, ZEMis cr(N¢yx) = deg(N¢yx) = 0o T2 C _Eyeaiih Neix BRI E
UM, BATATHILC _ER—WTFRI (U,), Mt s
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615 Nejx = {U; N Ut} € HI(C,08).

X Rk C, ERE N B (AR U BATATE C IR AR
BV URFEEV =0V, WEV,nC =U;. WV, R4 (z;,x;) #1F
U={z;=0}nV;, Hzlz;=t;,, e U LU, nU; Lo ARV}, 2;,x)} 2%
Bn ARG, MR multy oy, (0,2, — 2¢) 2 n+ 1, BER]

1 =5
iz =z = [z + (EH )

WAL £ ReAEiR g HENL, B —HREN m NREWEREN n INRSE, X
Hm>n,

R4 Uedal'™ (255 (1 p.5881H) | (117 3 Ueda 201K
EX 420 BLEATAI EELHRI n 250, WAU; Uy, £} WEAIE (co-
cycle) %4, H

u,(C,X) :={U; nUy, fi} ;4 €H'(C,NZ)

ST BB RIS, KRR (C, X) 1Y n-fjr Ueda 2,

1 Ueda [{y3cE M, fbiF Rl T Ueda AT ik T4 25 55 AR 9306 E5L
Hu,(C,X) =0 Y HACYFEE— MR n+ 1 ARG TRBATAW FHFEA
A S

(D) FAE—NTEEE n 15 u, = 0X m < n, Hu, # 0. WHEIHTIC
type(C, X) 1= n,

(2) u,, = 0 XA IEEEE mo ILATFRATIC type(C, X) = o0

FIH LA EREAS, Ueda X (C, X), 5 C 75 X HRIg L eRsican 74335
(@): fFAE— N IEREE m ffif5 u,, #0 .
(B): AFAE C DR V 113 O(O)]y 2P, B OOy, AT
JE e I Ueda J44 -5 S S AR 1 25 -
(B): A5 Nepx =2l m (5T, BATATBUE G 2L f 0V - D fiifE m[Y] =
FIEOY, R IRATATRETG V GBI 4 -
(B"): Nejx MESETTo
(r): & FHITEDL

AR A2 BRAR (C,X) 195 &, I Ueda 265, (KM C A2 X 4RI,
Ueda AT FHE C _EIEMA Nojy SEFK C QBIK_E R PY-FHHZ A RIFRAT o
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4.3 (o) BIRYIENR

4 type(C, X) < oo, 3¢ C ABIE (o) B9, FATAMTEER:
I 4.1 (Theorem 2 FU'4, Ueda1982): &V & C & X HGg—AIT48H, %
¥ 2 V\C _EI— AN ZERMFIEE W type(C, X) =n, HAFEIETLE a < n ffi
13 1% (p)| = o(dist(p, C)™%) Y p & T C, AL dist(p, C) /& p #1 C [AJFY R Hr . T
FEAE C HI— 41 Vo 15 W AR Vo\C N4

TEAER, ATA
H$ 4.2 (Theorem 1.1 FI'8, Koike2015): % X E—AElliE, C 2 LM
— BB IRANEZ L. A e (o B, WX C E—48IE VvV, a5
log|fel* £V EEAR/NT S Erili, W X REE, (C1 & TRIMERT
UERR X C BfE—48 V, % @ & L =0D)ly, &AL, A RE S FHEIE
M. FATICME @ HIZFRLL log | fel? /I, KD
¥ :=gp-log|fcl*>C, TEV\C

H T log | fol® 76 VAC b5, s EVEAN, FROTAIANIEE P 2 V\C _ERYIEFl
BRA. M4 p 5E C I, FIFJEHAE, B C={z=0}, &(1E

1
| 2|01

FIFHEHE A5, AT LR BIAIIR C B4R V) (6153 ¥ 16 Vo\D _ERHHL )
@ = C +log|fcl® 76 V)\D, 2% &4 B RIBRKTAT LAME—FSEAR AR 4 . A1
Ho=C+loglfcl* T Ve

X L = OD)]y, ERIZFR 0o X @ = max(e,log|fel?). BATAL
log|fel? HEEALIEMBRNET A d BRIEB, JRATATH— 5/ N4 V)
#15 @ = C+log|fel?. TRAV, £ o @Frittloglfel? /e i loglfel® £ V\C
FIEECH . VWV, b, @ @R loglfel? /e #L @ 7V EEAW/ING R,

[CT FIRIPEAR Y A 4. 1 S N

¥ (p) < —2log|fcl* ~ —2log|z|* = o(—==) asp— D

4.4 (p) BRIEIR

4 (C,X) & (B) BAY, FATATLAKE] € B Vv, 15 L=0C) £V £
P4 (unitary flat) , BIFEAE— A CHT R ST LR ALAE DY 00 T2 MYEALAY A7 AL
FLIXAN S B X By A T i, © AN ATRERIE -
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3L b, Koike fili S 7 — D 45
£ 4.2 (Corollary 1.5 F'71, Koike2021): % X 2 Kahler i, C 2H I
— WL, 2 (C?) =0, NI[EMEZE {C} 1E (semi-positive) 4 H ALY
(C, X) J& (B) B o

45 —EIF

15 4.1 (Example 3.5 FU'81, Example 1.7 F@&): & ¢ 2—4& 5% KT 0 (96
BHERIZ, L € Picy(C) 2H _LIN—H2 M 0 (UM, /e H'(C, L) # 0. & C
EFREEN E, RN ES)

0—L—F—0OC)—0

HA PR e € Ext(O(C), L) = H'(C, L), 1EBk T D := P(O(C)) C X :=E,
TEATA T E5R

POC) =D > X =P(E) 5 C
U moi M, H Npjy = (@ei)*L™!. Hi Proposition 7.6 T-1151, F( 1A %0
H'(D,N)) 3 uy(D, X) = (z o i)'e

TRuD,X)#0HHHe#0, M E#0OC)® L. AMEHMADZE, N DI
ZENWMEER T
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$£5% MHEL Green BN

FEARTHE, FOTFEEFM NI RS (X, f), Hb (X, 0) & %E Kih-
ler i1, f: X » X &2 P&4ig M.

51 HEINDRFNAEZE

MBI ARG, FATR (X, f) 2 LA &
(D) FAPEN ARG (X, ) BTN Ay ()
XX HMADHESE U = {U )i MY = (V) ey, FRAOTESANTF NI 55
UVY :={U NV }iepjese EXTFEENRE: AU = {7 U)}iero
BT X 2—1MEE, ILHU) A U PR/ MERX S FRATATLAIE
il
H(U v V) < HU) + HY)
T2 LU IR PR AR -
h(f, V) = lim %H(va—‘v'v v =D
TATE AR hyop(f) A
hiop(f) i=sup h(f, V)
U
() H—AEEALRZE S (dynamical degrees) : TEi f 1755 _ERTAIRENZ
PEWE £ 0 HPP(X,R) — HPP(X,R), 0< p< 2o FATENL p-3hJIJE 4,() A
[ RREE . HEMEREL A, FT fF igEE, ©%T

) = limsup Y117 = fim(| ("o

HT S 2B FEIE, KATE 10() = 4,(f) = 1o ATLUIEMI S A EI
TREANE L) 2 1.

M X B2 Kahler g, k1A Gromov-Yomdin fEH :
FE 51 EUEBIRT, BOTE

hyop(f) = log(41(f))
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BATZEEHEARLS hyop(f) > O BTN RGE, S0, IEES A(f) > 1o A
FRIXFERY f AU o

TER R HY (G R) ERISSER ¢, T q IORFS2 (LAY = 1), FIHZ
PR RATA
@ 5.1 (Proposition 3.1 FU8l)y: 3% £ S, ) £* BRrf, HAGA 45
KT 1 SEAEENT 1 B EATHEAN 400 R A )™, SR AR [ 1
%, EATEREZS ) Ro, A Ro_ (857 q RORALZS TR B, R0 23 ) B
[rRAR 23] o JXT SN TR NS 2(X) R TEHEY

5.2 Green 3t

iz (X, f) 2% & Kahler i bEy— X B Ff R, FRATEIT iR
Green i HEIE, XERATAT T E RN 45
EIE 5.2 (Proposition 7.3 F[9):  HM(X,R) 7E7EME—192 ¢, Fl c_ R TF 4
-

c, —{wy=c_.—{w}=1, fc,)=dc,, [f*Cc)=d'c_
X d = A1(f)o JFH ¢y Fl e TEBEABEE N o BUEFH
H :={ceHl’l(X,R)|c+vc=c_vc=0}
WANGH) £ A 57
HY(X,R)=Rc, ®Rc_ ® H

IR TE A H 1E
UERR 92 K o X [ Kahler E. i T f* (RFF K, FIHZNERZY Perron-Frobenius
SEHL, BATATEL O # ¢, € K fH15 fre, =de,, XH d & f* (38117, BHaris.1,
XA oy HEEANEBAE ST @it E ' RABUHGE c_. e
PR EGIENREL WK ey — {o)} =c. — {0} = 1. HEMEERITERERIE. §

EEE] ey M e BINEUEAREE, M85 IEHR. RATEAEZ GBI
IEMEME—RY, HEA Holder LM il . FRATFRIXLLIE A3 4 Green i
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5.3 DSH #5511t

MR, FRAT51\ DSH %%, 3701 Skoda Bl AR S I T2 JGiFE
HIAE T FATIAEE RE—AFIY . & X /21> %5 Kahler i) .
EX 51 X FHREHFRA DSH (differences of quasi-psh functions) , 15E1F
—PZHEMNE (pluripolar set) Z AMET P MUZL HIRHAR AT 2. FA T 4>
DSH sREUZ AN, ISR IR 22 AR 2 /MESE . F-ATiC DSH(X) 5 DSH
PREER A UL ESE 58 R A A 23 ]
AL EORFT R B T, FRATTA
il 5.2 i (X, w) 2K Kihler jif, N
(1) DSH(X) C L] % 1< p < o0,
(2) #7 u € DSH(X), NWIAFAEM DAL — RS EIIERF S, S,y 15
Sl - S2 = ddcu
SR, XA WSTR[l — R 28 B R 1 PR S, S, . FRATATHL w € DSH(X)
(ZE—PMEEE L IHE—) 5
Sl - S2 = ddcu
Y= S, HERRE R AWM N IERRINZE, S =58 -S,, FMTELWT
ESFR A
ISl = 5%{152(”&” + 1521

IR RUR B S, S SR X 11 Kahler Bt o (93£EL. 1f
RFATIFE L (1811 = [y 0" ' A S = {o}"" — {S)}.

TRIAE L DSHX) _E—A4-T4L:

[ ::|J e+ |ddeull,
X

FATA:
EL5.3: LA LMIEE T
(1) (DSH(X), || - |Ipsp) /21> Banach Z5[A],
@) LFER (1<p<)

Hull” == [lull o + [1dd°ull,

MR - lpsy SFo
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A48 —Fh Skoda B[RS NT -
SE54: i F L DSHX) Hiy 4 A EEE, MIRATTHE N EH @ = a(F) (i

J k< Cc uer
X
WERR S TE—u e F, ATATBUEAR S), .S, 415
S) =8, =ddu, |15, 1181l < C(F)

W AS1, Sy ) uer FEIEABRZSIETLS, HETZE (1S)), {5} uer 2 HY (XL R) HY
AR, MBRATATBGES 1F Y Kahler 3t o, {#i45

{uj,u},er € PSH(X, w)
W uy,uy, € PSH(X, {S}) fifif5
Uy —uy =1u, J ula)gzO
X
hT P AR, EATA
|J uaxy| = | J uaf| < C(F)
X X
Fh B (u. 1) er 1 PSH(X, o) FPIEEHE, FIJH Skoda it
J ey SO, J e "af < C(F)
X X

TR ul < lug| + lup| + CF), FRATEISERL L
MAHAZER, Ol
5.5: & F & DSH(X) AR REE, v & — DX ESRMERME, H
A TR WFRATTATEL—1E20 A = A(F) > 0 15
[ luldv < A(1 + 10g+||v||oo) uerF
X

Hrp logt := max(0, log)
JERR B a = a(F) {§i15

]' ek < C
X

T
aJ |u|dv=J log(e®!dv < logJ ey < 10g+(||V||oo)+10gJ el wh
X X X X
B MAEAKH Jensen AT, TR AR IE I

34



54 Green BN SES

AFEUE WA i€ S Green Yt B NI 5 2Lk -

EH 5.3 i f &% Kahler fiia X HO0 M H A WRETE Green 3 T &Mk
i, HEA Holder ZELLIY JEHRHARE 1 H RyoT™ /& 1E A FR i — S ST £k
(extremal ray) . FHFIFYE5IEX T M50
AR5 RyoTF FEAERIAR I W] 2 BTAOHEIR 331551,
UERR FRATTSE1ER Green JRINIYE: 12 S 2L (T} = ¢ WA — D IEMN,
i

S, =d"(f"),S
FTRES, e{TTYH S=d7"(f"*S,. it u, HilE LR EAF 11— DSH K%L

S, —T" =ddu,, J u,w* =0
X

T2 Nullpsy = 11ddu, |1, < IS, + I TT]| = 2¢, - {@}, {u,} 7 DSH(X) £ 5.
ERE
S —T* = d7"(f"(S, — T*) = d"(f"Y"(ddu,) = d~"dd"(u, » ")
A S =TT #0, RATATH6W (1, DR o) 13
O 7é (S _T+7 (p0> = d_n<ddc(un ofn)’ (00) = d_n<un ofna ddc<00> = d_n<un’ (fn)*ddc(p0>
W oo T LA B/ INEEL AT Xy dess, AR RIBERIEE v (1
AN AL B SR

ddc (00 L

<
HIT F = {u,} /£ DSH(X) A5, Ha#s.5:
[y, (f")dd@p)| < L{ lu, | (f™),v < AF)A + log]|(f™), V]l e) = On)

TR

0£(S=T",¢py)=d"0O(n) =0

XEFE, TRES=T", (T} ={c.} BRMESE. ZE 1 ROTELHER] c_
2RI 9 o

AT UERR T J5ER 450 Holder LM%, FRATFE M F 5] 2 :
5|38 5.1 (Lemma 6.2 FU9): i x 2SN, HERER, A X > X 2
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— Lipshitz b, i &
dist(A(a), A(b)) < Adist(a, b)

XE A>T, XvE X _FH—FFL Lipschitz R, T & L4 N5

Z d"ve A"

n=0
BSOS 1 p-Holder SELEMIBIAL, JEAL f AT —THE 0 < A< 1 I f < (224
%5
FRBATAIEN T #5500 Holder B4E1E: B oy I — U 0, ,
HATER (B IER) -

d="(f")*0,) = T*

T d7 frep = ey FRATATEL— 6T %L o (75
d7lf*0, =6, +ddv"
HIHghE . RAOTE
d7"(F")5(0,) = 0, +dd (Wt +d ™ vt o f 4 e+ d 0t o 171y
BRI, ) B SCR A R
T" =0, +ddvi

it

U;_o — Zd—nu+ o fN

n=0
s& Holder JE£2 K%L, AL HE] 753 5.1,
FATALUER _ESCRY =R

d—n(fn)*(9+) _ T+ — d—n(fn)*(9+ _ T+)
EX 0+ - T+ = ddcu, ﬂ:%
d™"(f")*(0,) =T, @) = d"[{u, (f").(dd°@))| < O(1)d™"n

B dT(MN0) = T ]
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E6E WNAVEMERRH

A4
7N

6.1 EXSMRR

ABERNIFEREY . 7 (X, 0) 2322 Kéhler i, pi2 X LH—F
FERSIERDETEE . XHUARCE a FIER— AT 0, FATTE LI 23 [A]
PSH, (X, 0) := {¢ € PSH(X, 6)| J edu =0}
X

EHARAIERAERT 0-psh BECESA], J2 LA(X, p(p 2 1) W RER . H% EdEEGI0
R, AU RS
APSH,(X.,0) = {f = @1 — 2|91, ¢, € PSH, (X, 0)}

TEER
« APSH,(X,6) c DSH(X), H APSH,(X,0) {U&# TR a, 5 6 [EEIC,
F IR APSH, (X, 0) =: APSH, (X, a)
* APSH, (X, ) f£ DSH(X) %%[A] (foss DSH 7550 HA %, b2 LP(X, w) HHHYE
£, H
UueeAPSH, (X, ) = E
XH E = {f € DSH(X) | [y fdu =0}

APSH, (X, a) I A U1 N 5T

Ak 6.1: 1 {0).{6,}. {6} AT, 0.0,.6, & wa, N

(1) tAPSH,(X,0) C APSH,(X,0) %t t € [-1,1]. T2 TATHK APSH, (X, 0) & F-A
i (balanced) .

(2) APSH,(X, 0) 28k, 256 E— 455, FRATAIFR APSH (X, 0) 224%™ [ (ab-
solutely convex) o

(3) sAPSH,(X,0) = APSH,(X, s8) %} s > 0,

(4) APSH,(X,6,) + APSH, (X, 0,) C APSH, (X, 0, + 6,).

(5) W a; = a B FIRSHIIAREE, W

APSH,(X,a) D | | () 4PSH, (X, ;) =: lim sup APSH,(X, ;)
k=1 jzk
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Fenltth, K o2 X B> Kéhler JE=, N

APSH,(X,0) = ] APSH, (X, 6 + tw)

>0
R (1) XM= @, ¢, € PSH (X, 0),1 € [0, 1], T A 1A 1o +(1-1)p, € PSH, (X, 0),
(@) — @p) = oy + (1 = ), — @, € APSH, (X, 0).
(2) BLAPSH, (X, 0) FHITTE f1 = @1—W1, [o = @2—vo, HH @, Hly; & PSH,(X, 6)
HFITER. X el0,1], FATA

to; + (1 —t)p, € PSH,(X,0), ty, +(1 -1y, € PSH,(X,0)
T
tfy +(1 =1 f, € APSH,(X,0)
i APSH, (X, 0) 32 ™8
(3) HIEXA[15.
(4) HxE A1,
(5) Kk

APSH,(X, @) > (7] APSH, (X, ;)

jzk
W 0,0 5 o, a BME—RIEFMETT. BT o > a, FATE G, - 6, 1AL
FATBOCHE ML L2-3R$h GERAFE S R A IR, H B L2-78
B bR T HERRE_ AT
*t f € s APSH, (X, a,), Fefi 1A

f=0" -0, &V.¢) €PSH,(X.0,).j > k
TERAEE— T KITHR A > 0, 574
PSH,(X,6;) C PSH,(X, Aw)
R R Lo 4R PR TR T o] 5 of MBSLT51 Ot
W Bl TRIRFFIIESD . 6845
<o(1j) - (m,(pg) - ¢, T PSH,(X,Aw)
TRV

T 1= 6,+dd¢\" » T} := 6 + dd°e,
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WOTy 2 ENIRE. @) € PSH,(X,0). K. ¢ € PSH,(X.0), TERE]
1/ = @1 = @l =lim |1/ = (¢} = o)1 = 0
T4 f € APSH,(X,0) = APSH, (X, a).
[
VERE] APSH, (X, o) —BURTEFTAEMMNIR. N T2EE, KAIZIALL T B
BREL (X 1< p <o)

Diam,(a) := sup <J |f|pdy> " <
X

fEAPSH, (X )

CRARE. N APSH,(X, a) 52 L? 7SR E 5

IER SRS ESK I e
A 6.2: fELWicSAE N, WA
(D) Diamp(/la) = /lDiamp(a)
(2) # a; = ay, N Diam (a;) > Diam,(a,)o
(3) #7 Z(a) 253 Zariski 73 IEFS, FKATAH Diam,(a) = Diam (Z(a)).
@ & fE—PearRE, ffu=4. N

Diam,,(a, #) = Diam(f*a, pt)

TATEEXS p' = p XGOSR, N f ORFFIEE po
(5) a ZWIMEE2 HAL Diamy(a) = 0 X" po
(6) Diam, fEIUARCEEHE € B FFESREL. FEhH, Diam, {5 NP IIELL
WERR (1) 71 (2) HE A5

X (3), TEBEERFZE o« PRIEMRE N(@) K, T2

T, -T, =T, — [N@)]) — (T, = [N(@)])

XTAEZE a BRI T, Ty o

(4),(5) HE SLAT15 .

(6) K a, = {6,} B FIEE] a AL BLS,. T, NFEWZE a, T
BT, EATEMA RSN ¢,, v, € PSH,(X,0,), Hili

16, = vl » > Diam, (o) —
H T Mass(S,,) Fl Mass(T,) —A A, FATATLAR S, #1 T, 897318715 :

S, =S, T,-T
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XES M T /22 o B IE .

W& @, w, & QPSH(X) ZRIMTELE, HEREYI#K e — 75, &
TR @, w, WS, HEE o 5 wo K5 5%E o, w € PSH (X, 0) & S 5
T IEMALH %, H.

g, — @l =0, |ly,—wllp1—0

FIAREA S, TR p, FATH g > p K a €0, 1] {15

a l—-«a 1
+ —

1 q p
T2

@n =l < llo, = @l% [0, — @l "
WAk e, — @l e —EAHFR, BT ¢, ¢ € PSH,(X, ) XU EN 0. BA A

@, — @l =0

U,
Ny, —wll — 0
T2
Diam,(a) 2 |lo = wllz, = lim ||p, =y,
2 lim sup Diam,(a,,)
n
JXSE I T o '

FEZJEHITHE R, BATR E 2% Diam, f#jic8 do

Xt K3 e, EEH A A
Al 6.3 # X N K3 A, £ e AutX). L0 # @ € HOX,Q3), &AA
[fQ=2Q, XEA€CHE =1, TRu=QAQRE A f-FENE.
iEH BT Qf ~Ox. ATE /2 =22, BT f RESFRK. ¥ dvol = Q2AQ,
= &(NEES
J f*dVOIZJ dvol
X

X
HERP 4] = 1o u
e, JATA
H#IL 6.1 B X NKIME, ae€ & MR afE AuX) /EH T RYPUER A EE
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A, W @ RIS
WERR figett, RATA AR (v} c AutX) (13

via = ag

B ag AR T u= QA Q16 Aut(X) 1R T A, 3RAT4 d(a) =
d(yja)o H1d By EFESANE, RATH

0 = d(ap) > limsupd(y*a) = d(a)
i

W a I n

6.2 EXmLEN—EIHE

TR, RATEEEIHE X = ExE, XH E R MaF L. ¥EX -
H—E RN 1 = (V=1dz) AdZ) A (V=1dzy AdZy). XATEELE X (30 F
SL(2, Z)-{E R A5

(z1,29) & (azy + bzy,czy +dz,)

Xt A€ SL(2,2). TEEFIERM A BB, HHAY t(4) > 2.
X _EE—ABUN 0 Bl LBMEA R AT 58 F PR

0 = V/—1(adz, + fdz,) A (adz, + fdzy)

Hrta,peCHap #0. e b—IEEL HATEA B a=18p=1, TRKMNZ
JREZEDHE p=1FH a € CHIHER.

w64 o= \/——l(adzl +dzy) A(adz; +dz,) i X _EWEIFZE. 77 « € R\Q,
W0 NI, W o€ Q. Mo ARRNIES, TMTHILH d0) = 5C. XH q 2 a
IR IOA T, C AT 0 (MFH.

TUERR XS
<a b>
SL(2,Z)>5 A =
c d

?‘Z’ﬂ‘]ﬁ A*H = \/——1((1,(121 + ﬂ,dZZ) A ((X’dzl + ﬁ,dZZ), ﬁ%

()-(2)0)=+C)

Ha=0, 02 E I Kihler IR 0A 28 — 0w pp, © X - E Hi[EIHYE,
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EAENYES . FATT 2K a € Q(0}, FHfa= § SRR G
(a,c) € Z> {fifS ap+cq=1, Wik a,c HZE. (I (b,d) € Z> #i{F ad — be = 1,
T

V=1

_ b
A*Q = (dz; + p'dzy)) A(dz, + p'dz,)) A= ¢ p ez
q2 c d

FFH AN B [FFAE R B R

HA=21
V-1
q2

(A')*A*0 = dz, Adz;

d(0) = d((A')* A*6) = lzal(\/—_ldz1 AdZ]) > 0
q

O @ = 0 thxt, BErfFRAT% 0 = 0/1,
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Examples of rigid currents on compact Kdhler surfaces
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I will collect some existent results on rigid currents this part.

A.1 The notion of rigidity for currents

Definition A.1: Let X be a compact complex manifold of dimension n. A positive closed
current 7" on X of bidegree (1, 1) is said to be rigid if there is no positive closed current
T' e {T} € H];’é(X, R) except T itself. A cohomology a € Hé’CI(X, R) is said to be

rigid if it contains a rigid (1, 1)-current.

Remark A.1:  When X is a compact Kidhler manifold, the Bott-Chern cohomology group
coincides with the Dolbeault cohomology group. And our following examples are mostly

on K&hler manifolds.

We discuss some general properties of rigid currents
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Proposition A.1: LetC c H llg’é(X , R) be the cone of pseudo-effective classes and R
be the set of rigid classes. Then

(1) a,pbeCanda+be Rimplya,be R

2)0eRrR

(3) ae Rand 4 € Ry, imply da € R

(4) R cbd(C),or C =R.

Proof The first three assertions are easy. For the last one, suppose a € R N C°. Then
for each class 8 € C, we can take 0 < € << 1 such thata — €6 € C. Since R 2 a =
(a—€0)+e€f,wehave § € R. Thus R = C. |
Remark A.2: If X is a compact Kdhler manifold, then R C bd(C). It is because the
Kaéhler class {@} can’t be rigid.

We can also characterize rigid class in terms of PSH functions:
Proposition A.2: Let 0 be a smooth closed real (1, 1)-form, we have the following
equivalent statements:
(1) PSH,,;,(X,0) = @ + R for some function ¢ € L, (X).
(2) PSH(X,0) =p+R
(3) {0} is arigid class.
Proof It suffices to prove that (1) implies (2):
For any function y € PSH(X, 0), we can assume ¢ < y — 1 at a point by translation.

And we have
max{@,y} € PSHp, (X, 0)

Somax{p,y} = ¢ + C for some C € R. As max{¢p,y} > @, we have C > 0. If
C > 0, we shall have v = ¢ + C. If C = 0, we have ¢ > v, which contradicts with our

assumption. |

A.2 Divisorial Zariski decomposition on surfaces

Boucksom introduced his divisorial Zariski decomposition int'l. And we introduce
some results in the following.
Definition A.2: Let X be a compact complex manifolds. Let @ be a reference Hermitian
form on X. Let a be a class in Halgl (X,R). Then
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(1) The class «a is said to be a modified Kéhler class if and only if it contains a Kéhler
current T with v(T', D) = 0O for all prime divisors D on X.

(2) The class a is said to be a modified nef class if and only if, for every ¢ > 0, there
exists a closed (1, 1)-current T, with T, > —ew and v(T, D) = 0 for all prime divisors

Don X.

Remark A.3: When X is a compact surface, the set of modified Kahler classes (resp.
modified nef classes) coincides with the set of Kdhler classes (resp. nef classes). (Refer
to Section 4.2.1 of!!])

We define the minimal multiplicity of a pseudo-effective class
Definition A.3: The minimal multiplicity at x € X of the pseudo- effective class a €
Halé’l(X ,R) is defined as

v(a,x) =sup_inf w(T,x) = sup V(T cr X)
e>0 T2—¢€w, >0 7
Tea

Then v(a, x) is upper-semi-continuous on x. And we define the generic minimal

multiplicity of @ along a prime divisor D:
v(a, D) := inf v(a, x)
xeD

One can see that v(a, D) = sup.o V(T yin e

D), and v(a, D) = v(a, x) for generic x € D.

Definition A.4: The negative part of a pseudo-effective class « € H alé’l(X ,R) is defined
as N(a) := Y, v(a, D)D. The Zariski projection of a is Z(«) := a — { N(a)}. We call

the decomposition @ = Z(a) + { N(a)} the divisorial Zariski decomposition of «a.

We have the following properties of Zariski projection Z(«):
Theorem A.1: Leta € Halél(X ,R) be a pseudo-effective class.
(1) The Zariski projection Z(«a) is a modified nef class.
(2) We have Z(a) = a if and only if a is modified nef.
(3) The volume of Z(a) is equal to the volume of a. Especially, the class Z () is big if

and only if « is.

We then discuss the negative part occurs in the divisorial Zariski decomposition (Def-
inition A.4).

Definition A.5: (1) A family Dy, ---, D, of prime divisors is said to be an exceptional
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family if and only if the convex cone generated by the cohomology classes of the D;
meets the modified nef cone at O only.
(2) An eftective R-divisor E is said to be exceptional if and only if its prime components

constitute an exceptional family.

We have the following properties of exceptional divisors

Theorem A.2: (1) An effective R-divisor E is exceptional if and only if Z({ E}) = 0.

(2) If E is an exceptional effective R-divisor, we have E = N({ E}).

(3) If Dy,---,D, is an exceptional family of prime divisors, then the classes
{D},--,{D,} are linearly independent in N Sg(X) C H alél(X ,R). Especially, the
length of the exceptional families of prime divisors are bounded by the Picard number
p(X).

(4) Let X be a surface. A family Dy, ---, D, of prime divisors is exceptional if and only

if its intersection matrix (D; - D;) is negative definite.

Remark A.4: (1) Using the first two items in Theorem.A.2, we conclude that: An ef-
fective R-divisor E is exceptional iff Z({E}) = 0iff N{E}) = E.
(2) Contraction criterion, we need assume that C = U, D; is a connected subset, and use

QGrauert’s contraction criterion.

On surface, the divisorial Zariski decomposition is compatible with the intersection
bi-linear form:
Theorem A.3: Let X be a compact surface. If « € Hala’l(X ,R) is a pseudo-effective
class, its divisorial Zariski decomposition @« = Z(a) + { N(a)} is the unique orthogonal
decomposition of a with respect to the non-degenerate quadratic form g(a) := | a? into

the sum of a nef class and the class of an exceptional effective R-divisor.

Remark A.5: Let X be a projective surface; if « is the class of an effective Q-divisor

D, then the divisorial Zariski decomposition of « is just the Zariski decomposition of D.

In the last, we show the rigidity of exceptional effective R-divisors:
Theorem A.4: If E is an exceptional effective R-divisor on compact complex manifold
X. If T € {E} is a positive current, then T = [E].
Proof We have T > )}, v(T', D)[D]. On the other hand, v({ E}, D) < w(T, D) by the

definition of minimal multiplicity. Then we have T > [N({ E})]. Since E is an excep-
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tional effective R-divisor, we have N({E}) = E. ThusT > [E]and T —[E] is a positive
closed current in the class 0. Since the only positive current with zero 99-cohomology is

0, we have T = [E]. [ |

A.3 Ueda theory on surfaces

In this section, I would collect some results on Ueda theory. The main references
are!?l andB!.

In this section, we assume that X is a compact complex surface.

Let C be an embedded smooth complex curve with (C?) = 0. Then the holomorphic
normal bundle N,y is of degree zero on C. So N,y is a topologically trivial line bundle
over C and admits a flat structure: We can find an open covering {U, }; of C and a family

of transition functions

such that Nejy = {U; N Uy, 1, }; € H'(C,0%).

For each C, we can find a tubular neighborhood V' such that V' = UV, is an open
covering and V; N C = U;. And V; has holomorphic coordinates (z;, x;) such that U; =
{z; = 0} nV;. Take suitable coordinates such that z,/z; = ;, € U(1) on U; N U;. We

say {(V},z;,x;)} is a system of type n ifmultanUk(tjkzj —z;) = n+1,thatis
tikZj = Zg = fjk(xk)zZH + (higher order terms)

where [ is a holomorphic function. By definition, any system of type m is also of type
n given that m > n.

Then due to Uedal® p.588, we have
Definition A.6:  Suppose there exists a system of type n. Then {U;NUy, f}; }; x satisfies

the cocycle conditions. And

u,(C, X) :={U; Uy, fix}jr € HI(C’NEZ()

is called the n-th Ueda class of the pair (C, X).
Remark A.6: The Ueda class measures the obstruction from extending the unitary flat
structure of N,y on C to a neighborhood of C. If there is a neighborhood V' of C such
that [C]|, is unitary flat, then u,,, = 0 for all m.
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It can be proved that the definition of Ueda class does not rely on the choice of
coordinate systems. And u,(C, X) = 0 iff there exists a system of type n+ 1. So we have
a dichotomy:

(1) There exists n such that u,, = 0 form < n and u, # 0. And then we set
type(C, X) :=n.

(2) u,, = 0 for all m. We say type(C, X) = oo in this case.

More precisely, Ueda classify the pair (C, X) into the following four classes in!?]

(1) (a): The case when u,, # 0 for some m > 0.

(2) (p): The case where there is a open neighborhood V' of C such that [C]|;, is unitary
flat. In this case, if N,y 1s a torsion of order m, then we can take a proper holomor-
phicmap f : V — D such that m[Y] = f “loyp by shrinking V. And we call this
(B"). If N,y is not a torsion, we call it (8”).

(3) (¥): The remaining case.

Some properties of pairs of type () are deduced by Ueda in!?). Thanks to the works
of Koike, we have a good understanding of pair (C, X) of type (f). But the property of

type (y) pairs remains unclear. We will survey these results in the following.
A.3.A Rigidity result for type (a)

When type(C, X) < oo, we have the following rigidity result:
Theorem A.5: (2, Theorem 2) Let V' be a neighborhood of C in X, and let ¥ be a
psh function on V\C. Assume that type(C, X) = n holds and there exists a positive real
number a < n such that ¥ (p) = o(dist(p, C)™%) as p approaches C, where dist(p, C) is the
Euclidean distance between p and C. Then there exists a neighborhood ¥}, of C such that
¥ is constant on V;,\C.

As a consequence, we have
Corollary A.1:  Let X be a compact Kéhler surface, and D an smooth divisor with (D?) =
0 and type(D, X) < co. Then [D] is a rigid nef current.
Proof Let T be a positive current with minimal singularity in the class { D} with local
potential . Let f be the local defining function. Then ¥ = ¢ — log | f D|2 is globally
defined on X\D. Since log | fp |2 is harmonic outside D, we have ¥ is psh on X\D. Since

@ 1s less singular than log | f |2, we have

1
|z]0-1

¥(p) < —2log|fpl|* ~ —2log|z|* = o(——) asp— D
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Using Theorem.A.5, we have ¥ is a constant on V'\D for a neighborhood V' of D. So
Tly\p = (dd°@|yn\p) = 0. Thus T'|, = v(p, D)[D] = [D] as v(e,x) = 1 forall x € D.
SoT > [D]and T — [D] is a positive closed current. Since T' — [ D] is cohomologous to
0,wehave T — [D] =0and T = [D]. So [D] is rigid. [ |

Koike gives an example of divisor whose neighborhood is of (@)-type, and it extends
our classic Serre’s example.

Example A.1: Let C be a smooth projective curve whose genus is > 1. And let L €
Picy(C) be a line bundle with H!(C, L) # 0. Condiser a vector bundle E on C satisfying

the following exact sequence:
00— L—FE—0OC)—0
which corresponds to the extension class e € Ext(O(C), L) = HY(C,L). Let D :=
P(O(C)) be the divisor on X = P(FE). Consider the following morphisms:
POC)=D> X =P(E) 5 C
Here 7 o i is an isomorphism, and N p,y = (7 ° i)* L™!. By Proposition 7.6 in[*], we have
HY(D, Np) D uy(D, X) = (woi)*e

Thus u; (D, X) # 0iffe # 0. So D is arigid divisoriffe # 0 iff E # L @ O(C).

A.3.B Non-rigidity result for type ()

When (C, X) is of type (), then [C] can’t be rigid due to a theorem by Koike in4:
Theorem A.6: Let X be a compact Kéhler surface and C an embedded smooth curve
with (Cz) = 0. Then the class {C} is semi-positive iff (C, X) is of the class (f) in Ueda’s
classification, i.e. there is an open neighborhood V' of C such that [C] is unitary flat on
it.

A.3.C Examples of type (y)

We follow Koike’s papers! and!%! to construct some examples of type (7).

For an elliptic curve Y, and fix y; and y, to be generators of 7, (Y, p). We construct
a complex surface X and a non-singular foliation 7 on a neighborhood V' of Y which
satisfy the following two conditions :
(1) There is a holomorphic submersion 7 : V' — Y such that x|y is identity.

(2) The holonomy representation iz is : hp(y;) = 1 € O¢ o, hp(r,) = g € O
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Remark A.7: For any g € O¢, a example above exists. One can also show such
example is unique in the sense of neighborhoods of Y.

Then the neighborhood property of the example is completely determined by the the
dynamical properties of g.
Proposition A.3: (Theorem 1.2 of!%l) Under the notations above, we have
(1) The pair (Y, X) is of type (@) iff g has a rationally indifferent fixed point 0 and is not

of finite order, i.e. g" # id for any n > 0.
(2) The pair (Y, X) is of type (f) iff g is linearizable at 0.
(3) The pair (Y, X) is of type (y) iff g has an irrationally indifferent fixed point0 and is
non-linearizable at 0.

By a careful investigation of psh functions around Y with given growth order (similar
to Theorem.A.5), Koike deduce that
Theorem A.7: When (Y, X) is of type (y), then on a neighborhood W, the canonical
weight log | fy |? is of minimal singularity among all those weights ¢, which satisfies that
| fylze_(” is a continuous function.
Remark A.8: I emailed to Professor Koike about the weird continuity of | fy |2e=®”
condition in above theorem. He taught me that the condition is just for technical reason,
and he expected this condion can be removed, and thus log | fy |2 is a weight of minimal
singularity.

In the last, we explain the terminology of g € O  used in Proposition.A.3.

For any element g € O¢ ), we can write it as
g(z) = Az + O(z%)

Here 4 = g’(0).
We say g is linearizable at O if there exist two neighborhoods U, V' of 0, and a
biholomorphic map 2 : U — V such that

(ho foh™)z) = Az

When |A| = 1, then O is said to be a rationally (resp. irrationally) indifferent fixed

point if A is (resp. is not) a torsion.
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A.4 Rigidity after Fillip-Tosatti, Verbitsky-Sibony

In this section, we collect some results of rigid classes obtained in the work of Fillip-
Tosattil”l, and of Sibony-Soldatenkov-Verbitsky!®!.

In Fillip-Tosatti’s work!”), they assume X is a K3 surface which is algebraic, of
Picard rank p > 3, and containes no (—2)-curves. In their work, they considered classes in
the Néron—Severi group NS(X). Let Amp(X) C NS(X) be the ample cone, and 0Amp(X)
be its boundary in NS(X). They obtained that
Theorem A.8 (Theorem 4.3.1 oft’l):  Let X be a K3 surface satisfying the conditions
above, if « € 0Amp(X) is an irrational class, then « is a rigid class.

Remark A.9: If a is an integral class. Suppose a = c¢{(L) for some line bundle on X,
and L is nef and (L?) = 0. Using base-point free theorem for K2 surfaces, we conclude

L is semi-ample and is not rigid.

In Sibony-Soldatenkov-Verbitsky’s work!®!, they proved a similar result for hyper-
Kéhler manifolds:
Theorem A.9 (Theorem 2.1 of(®l):  Assume X is a compact hyper-Kihler manifold
with b,(X) > 7, let q be its Beauville-Bogomolov-Fujiki form. If @ is a nef class with
q(a) = 0, then a is rigid in the following cases:
(1) if a is strongly irrational, i.e. ut NH2(X,Q) = 0.
(2) if ut NH*(X,Q)=0is spanned by a vector v € H>(X) @ H>?(X).

A.5 Laminations by Riemann surfaces on complex surfaces

We introduce some basic properties of holomorphic laminations or foliation on com-
plex surfaces in this section. The main references for this appendix are Fornass and

Sibony’s survey paper!® and Sullivan’s classic paper.
A.5.A General definitions

Definition A.7: Let Y be a Hausdorff topological space. Then (Y, L) is a lamination

by complex manifolds of dimension g if £ is an atlas with charts
@; - U - DIXK,

1

Here D is the polydisk in C%, K; is a topological space and ¢; is a homeomorphism.
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And the transition maps @;; = @; ° (pJT1 is of the form

@i ID"ij - DX K,;
(20 = (fi;(z0,7,0)
And f; i(z,1) is holomorphic in z.
In many cases, there will be singularities for such laminations, and we introduce the
definition of singular laminations:
Definition A.8 (Singular case): Let Y be a laminated topological space, i.e. there is
a lamination structure on Y as in A.7. And Y is locally closed in a compact complex
manifold M. Let X :=Y and E = X\Y. Therefore E is closed and we consider it as the
singularity set. And Y = X\F is laminated by L. We then write (X, £, E) as a lamination
with singularity.
Let (X, L, E) be a lamination by complex manifolds of dimension g with singularity
E. And let ¢ = (z,t) € DY X K be a local chart defined on U C Y. Then we say that:
(1) U is a flow box.
(2) A connected component of (r = ¢) in U is a plaque.
(3) Aleaf L is a minimal connected subset of X\E such that if L intersects a plaque then
L contains the plaque.
(4) A transversal in a flow box is a closed subset, and it intersects every plaque in one
point.
We are mainly interested in several special cases of above general definitions:
(1) We say (X, L, E) is a lamination with singularity by Riemann surface if g = 1.
(2) Wesay (X, L, E) is a C*-lamination with singularity if K; is assumed in a Euclidean
space, and transition functions f;;, y;; are Ckint.
(3) Wessay (X, L, E) is a holomorphic foliation with singularity if X is a complex mani-
fold of dimension n, K; = D" 7 and all transition functions are holomorphic.
It can be seen that a holomorphic submersion X — Y, a global section of twisted
holomorphic 1-form HO(X, Q}( ® L) or a global section of twisted holomorphic vector
field H(X,TX ® L) naturally induce a holomorphic foliation with singularity on X.

Here L is a holomorphic line bundle on X.
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A.5.B Invariant measures of a lamination

We then introduce the notion of directed positive current: Suppose X is contained in
a compact Kdhler manifold (M, ®) of dimension k. Assume that A2(E) = 0 with respect
to the two dimensional Hausdorff measure A% on X.

Consider a lamination by Riemann surfaces (X, £, E) with / continuous (1, 0) forms
Yisd = 1,---,1 on M, such that i A [V, ] = 0 locally for every plaque V, Yj vanish on F
and rank(;/j) =k-—1.

A typical example is a (singular) foliation on complex surface defined by a twisted
holomorphic 1-form (resp. vector field) with isolated singularity.
Definition A.9: A positive current T of bi-dimensional (1, 1) on M is weakly directed
by (X,L,E)ifTAy;=0,1</j<L
Definition A.10: A (X, L, E)-invariant measure consists of the following data:
(1) An atlas for lamination (Y, £)

@; - U, - DI XK;

1

(2) A family of Borel measures y; on K;
(3) The family {u;, K;} satisfies the compatibility conditions:

ﬂj(E) = ﬂi((l’ij(E))
Thanks to the (X, L, E)-invariant measure, one can define the foliated cycle

(associat-

edto {u;, K;}):

T, :=[ [V, 1du(@)
K

where K is a local transversal. Take a smooth form 6 of bi-degree (1, 1) whose support is

=] ]2

It is easy to see that T, is a weakly directed closed positive current.

contained in U;, we have

By a classic theorem of Sullivan, these foliated cycles are all the weakly directed
positive currents under suitable conditions. Actually, we have
Theorem A.10: Every positive closed weakly directed current 7" on a regular lamination

(Y, £) by Riemann surfaces which is transversally C' has the following form in a flow
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box

7, i= | Weldu@
K

where u 1s a (Y, £) invariant measure. We thus get a 1 — 1 correspondence between
invariant measure and weakly directed closed positive current.
Remark A.10: The C!-regularity is necessary, instead we will get a counter-example if

L is just Lipschitz.
A.5.C Holonomy of holomorphic foliation

Let ¥ = {(U;,p;)} be a non-singular holomorphic foliation on X. Here X is a
complex manifold, which is not necessarily compact or Kéhler . Let L be a leaf of 7. For

any continuous path on L
y 1 [0,1] > L

with py = 7(0), p; = y(1). We define the holonomy of 7 along y with respect to local
transversals X and X around p, and p;:
We recall that a local transversal X around a point p is a closed subset containing p

(or closed submanifold in some cases) in a local chart (U, @) of F, such that
@ :U->DIixD/™ @) =(0,0)
and X intersects each plaque at only one point, that is
flp(X)n{t=ch =1

For example, X = {p € U | p(p) € {0} x D""?} is a local transversal which is also
a locally closed submanifold.

We then begin our definition of the holonomy: Given F, L, y, py, p;, 2y, 21, we take
a partition of [0, 1] by

O=ty<t; <<t =1
and a sequence of local charts of 7: {(U;, ;) | i =0, -+, k — 1} such that
vt i) C U, 2o CUp, 2 CUgy

Define p;;, = y(t;), and take a local transversal X, around p;; which is contained

in U;. We can always let 2;, to be a local submanifold.
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Forany O < i < k — 1, we can define a map f; as follow: For any point
x = (hi(c),c) € 2y

parametrized by ¢, : U; - DY x D""9, we define f;(x) to be the point on X, ,, which
lies on the same leaf as x.

This map is well-defined, after taking a small disk D;;(C X, ) as our domain, and
a small disk D, (C Z;, ) as our codomain: Actually, since y([t;,7,,1]) C U;, we can

shrink X, such that it is contained in U;, and parametrized by

(hiy1(c), c)

under @; : U; — DY x D"79. Then we define

fi : (hy(e),c) » (hiy(c),c) forc e D"

This will give a bijective from D, to D; .
Thus we have a sequence of maps

fo f1 Si-1
Dy — Dy —> =+ Dy — Dy

Shrinking D and D, to be D, and D, we shall have a bijective
fy 1= femrew frefo 2 Do = Dy
And our theorem says that
Proposition A.4: £, is biholomorphic.
Since 5{) and 51 are small neighborhoods of p; and p; in X, and X, respectively,

we regard f, as a stalk at p, of biholomorphic maps from %, to X} which sends p; to p;.

We denote the corresponding stalk as

[f,] € Stalk, (X, po; 21, py)

Our next theorem says that [ /] is well-defined as a stalk:
Proposition A.5: [f,] does not depend on the choice of:
(1) Thepartition 0 =15 <t < - <t = 1.
(2) The local charts {(U;,@;) | i =0, ,k—1}.
(3) The intermediate local transversals { X, | 1 <i<k -1}
It only depends on the data: 7, L, y, py, p1, 29, 2.

Moreover, [f,] is determined up to homotopy:
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Proposition A.6: If ¥, is homotopy to y; related to p, and p;. Then Lf,,1=1/,]
We mainly focus on the special case when >y = X, = X, py=p; = pand X isa

locally submanifold. In this case, the holonomy homomorphism is
fr + m(L,p) — Stalk,(X, p; X, p) = Hol(C"™,0)

Here Hol(C"4, 0) denotes the set of stalks of local biholomorphic maps of C"~! which fix

0. Different choices of X will give different holonomy homomorphisms up to conjugation.
A.5.D Rigid currents from foliations

Proposition A.7: Let X be a compact Kdhler surface, and 7 a non-singular holomorphic
foliation by Riemann surfaces on it. Suppose that 7 admits a unique holonomy-invariant
measure (up to scaling). If T is a strictly positive closed current, then 7 is rigid.

Proof If T’ is another positive current in class {7}, then
T'AT =0

since {T'}? = 0. Since T is strictly positive, then T" is weakly directed.
Since F admits a unique holonomy-invariant measure, then T is proportional to T'.
Thus T’ =T and T is rigid. |
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