THE ARCHIMEDEAN HEIGHT PAIRING FOR DIFFERENTIAL
FORMS ON DEGENERATION OF RIEMANN SURFACES

JUNYU CAO

ABSTRACT. We define the Archimedean height pairing for fiberwise cohomologically
trivial differential forms on a one-parameter degeneration of Riemann surfaces, and
we study its asymptotic behavior. The proof relies on recent work by Dai—Yoshikawa
on the asymptotics of small eigenvalues. As an application, we relate this pairing to
the current-valued pairing of Filip—Tosatti, extending their construction to broader
geometric settings.
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INTRODUCTION

Let 7: X — S ~ DD be a proper surjective holomorphic map from a complex surface
X to a Riemann surface isomorphic to the unit disk. We assume that 7 has connected
fibers and X, := 7~1(0) is the unique singular fiber. Assume that X is equipped with
a Kahler metric.

For two smooth real (1, 1)-forms «, § on X that are cohomologically trivial on smooth
fibers X, := 77(s)(s # 0), i.e., [y a = [ 8 =0, we define the Archimedean height
pairing between them.

Definition 0.1 (Archimedean height pairing, Definition 4.1). For any s # 0, let —ps €
C>®(Xs) be a potential for a on X, i.e., dd°ps + a |x,= 0. Then the Archimedean
height pairing («, 8) between o, B is a function on smooth locus S° =S\ {0}:

@8)s) = [ wB 70
Xs
Since 7 is a submersion on S°, {a, B) € C(S°).

We study its asymptotics around the singular fiber of the degeneration.
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Theorem 0.2 (Theorem 4.5, Corollary 4.6). There is a constant co 5 € R such that
(a, B) — caplog|s|® estends continuously to S. In particular, (a, B) € L™(S°) if and
only if (o, B) € C°(9).

When Xo is a reduced divisor and C4,--- ,Cy are its irreducible components, the
constant c, p is determined in the following way: Let M be the intersection matriz of
irreducible components of Xo, given by (M;j)1<ij<n = (C’ Cj)i<ij<n, and let M be
the Moore-Penrose pseudoinverse of M. Then co5 = vI(MT) vy, where

Vo = (/Cloz,...,/CNoz>T, Vg = < Clﬁ,...,/CNﬂ>T.

Remark 0.3. The name Archimedean height pairing comes from Arakelov theory, e.g.
in Bost’s work [Bos90]. But their pairings are defined for algebraic cycles/divisors.
Precisely, let D, E be two divisors on the one-parameter degeneration 7: X — S
of algebraic curves. Suppose D, E are of relative degree 0 and their supports do not
intersect. For a divisor D, we define its Green’s current gp, on general fibers X
following [HdJ15, Equation (2.1)]. The gp, is a distribution on X solving the equation

00gp, + Tidp, = 0,

where Dy is the restriction of D on X,. We remark that gp, is smooth on X, away
from the support of D,. Then the Archimedean height pairing between D and F is a
well-defined function on S°:

5= <Dsa Es>oo = gDs([EsD = ZaigDs (%)7
where E; =) . a;q;.
In Holmes—de Jong’s paper [HdJ15, Theorem 2.1], they derive a similar asymptotic
result for the Archimedean height pairing (D, Fs)s on degenerations of algebraic
curves.

Remark 0.4. Similar asymptotic results were obtained by Yoshikawa [Yos06] and
Eriksson-Freixas-Mourougane [EFIMM18] in their study of Quillen metrics around
singular fibers. Analogous behavior for the canonical heights of elliptic curves around
singular fibers was established by Silverman [Sil92; Sil94a, Sil94b] and recently by
DeMarco—Mavraki [DM20].

The study of the Archimedean height pairing for forms is motivated by the following
dynamical scenario. Let X be a projective elliptic K3 surface with a parabolic automorphism
T preserving the fibration:

X —T -5 X

e

B =P!

In Filip—Tosatti’s paper [FT23, Theorem 3.2.14], they introduced the “current-valued
pairing” np(T, [a]), which is a current on B, for a a smooth closed real (1,1)-form on
X that is cohomologically trivial on smooth fibers.

The current-valued pairing can be used to characterize the limit properties of large
iterations of the automorphism 7. For example, they proved in [FT23, Corollary 3.2.20]
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that
. TTw 1,
(0.1) Jim =5 = otp (T [Tow — ),

where w is a Kahler form on X.

When the singular fibers of 7 are reduced and irreducible, Filip—Tosatti established
the continuity of potentials of np in [FT23, Proposition 3.2.11]. In this paper, we
remove their assumption on the singular fibers and prove the continuity in general.

Proposition 0.5 (Proposition 5.4). Let Aut,(X) be the group of automorphisms of X
preserving the fibration. There exists a finite index subgroup G of Aut.(X) such that
the current-valued pairing ng restricted on G has a continuous potential.

This proposition is proved by the following observation, which relates the Archimedean
height pairing and the potential of current-valued pairing.

We use u to denote a potential of the current-valued pairing ng(T, [a]), then we have
(in Equation (5.4))

u(s) = [ fw+(a, (T = Tw),
Xs

where f € C*°(X) and w is a normalized Ké&hler form on X. The first term s —
il ., Jw is well-studied by Barlet (Theorem 1.3) and is Holder continuous. Therefore,
Proposition 0.5 follows from the continuity of the Archimedean height pairing, which
arises as the second term of the potential u.

Using Equation (0.1) ([FT23, Corollary 3.2.20]), we have the following result on
parabolic dynamics of elliptic K3 surfaces.

Corollary 0.6 (Corollary 5.5). Let G be the finite index subgroup of Aut,(X) defined
in Proposition 0.5. Then, for any Kdhler form w on X and any T € G, the limit

current 1 = lim,, o, 5 has a continuous potential.
(T™)sw
712

} provides a counterexample
n>1

Furthermore, we prove that the convergence of currents
cannot be in C (X \Xo). Therefore, the sequence {T%

— %ﬂ*nB(T, [Tow—w])

4
loc n?

to Tosatti’s question [Tos25, Question 1.5] when we let w be a Ricci-flat metric.

Remark 0.7. The regularity of limit currents is also discussed in Cantat-Dujardin’s
recent paper [CD23b, Theorem D).

If the automorphism is hyperbolic, its associated limit current will generally have a
Holder continuous potential. However, it is unknown whether the potential of a limit
current given by a parabolic automorphism is Holder continuous.

Remark 0.8. Other related works on the parabolic dynamics of elliptic surfaces
with general singular fibers include Duistermaat’s monograph [Duil0] and Cantat—
Dujardin’s recent paper [CD23a, Section 3].

Here we sketch the proof of Theorem 0.2. By a standard reduction, we can assume
that Xg is reduced and «, 8 have a zero integral on each irreducible component of
Xo. Then it remains to show the continuity of the pairing in Theorem 4.4: We
introduce the preferred potentials (Definition 3.3) for «, 5. Then by Dai—Yoshikawa’s
work [DY25], we are able to derive some estimates on preferred potentials (Theorem 3.4,
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Theorem 3.5). Together with some continuity results of fiber integral around singular
fibers (Proposition 1.13, Corollary 1.14), we derive the continuity of the pairing (which
is a fiber integral) in Theorem 4.4.

This article is organized as follows. In Section 1, we collect and prove some technical
results. In Section 2, we study the properties of eigenfunctions with small eigenvalues
on smooth fibers of a degeneration. We use Dai-Yoshikawa’s work [DY25] heavily in this
section. In Section 3, we introduce the notion of a preferred potential and establish its
asymptotic estimates based on Section 2. In Section 4, we introduce the Archimedean
height pairing and prove its asymptotics around singular fibers. In Section 5, we apply
previous results to study the parabolic dynamics of K3 surfaces. In Appendix A, we
prove a technical lemma on the asymptotics of a fiber integral.

Notation and conventions

On a complex manifold X, we define d° = (0 — 9), so dd® = 5-90.

On a Kéhler manifold (X, w) with w =i} g;zdz; A dz), we use the positive-definite
analyst’s Laplacian A,f = — > gﬂ%. Under our normalization of dd®, we have
—A, = 27 tr,, dd°.

With this convention, the Poincaré-Lelong equation for a holomorphic section s of a
Hermitian line bundle (L, h) is:

dd®log|s[; = [D] = e(L, h)

where [D] is the current of integration over the vanishing locus of s, and ¢;(L, h) is the
first Chern form.

For a closed smooth differential form a on a compact differential manifold, we use
[a] to denote its de Rham cohomology class.

We use D == {z € C: |z| < 1} to denote the unit disk in complex plane, and
D° = D\ {0} the punctured unit disk. For a positive number r > 0, we also define
D, ={z€C: |z|] <r}and D{ =D, \ {0}

Acknowledgements. The author thanks his advisor Valentino Tosatti for introducing
the topic, for helpful discussions and for his constant support. The author also thanks
Simion Filip, Mikhael Gromov, Fulin Xu for helpful discussions, and Xianzhe Dali,
Romain Dujardin, Robin de Jong, Ken-Ichi Yoshikawa for helpful conversations, as
well as careful reading and feedback on an earlier draft.

1. TECHNICAL PREPARATION
We collect and prove some technical results that will be used later.

1.A. Laplacian on singular varieties

Let X be an algebraic variety with the induced Fubini-Study metric, and let X,¢, be
the regular part of X.

Following Li-Tian’s work [LT95, Section 4], we define the ordinary Laplacian A on
compactly supported smooth functions on X, and let A be its Friedrichs extension.
Then we have
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Theorem 1.1 ([LT95, Section 4]). The Friedrichs extension A defined on functions is
self-adjoint on a compact variety X (without boundary) whose singular set Sing X is
at least of real codimension 2.

When f € Wh2(X,eq) is harmonic, i.e., Af = 0 almost everywhere, we have df =0
and f s locally constant.

Remark 1.2. This theorem holds when X is a Kéhler space, see [GPSS23, Lemma
11.2].

1.B. Continuity of fiber integral a la Barlet

In [Bar82], Barlet derived the asymptotic expansion of the fiber integral for the
degeneration of complex manifolds near the singular fiber.

Theorem 1.3 ([Bar82, Théoreme 1]). Let D = {s € C | |s| < 1}, and let X be a
reduced and irreducible complex analytic space of dimension n+ 1. Let m: X — D be
a surjective holomorphic map, and let us denote by X, the cycle 7='(s). Let K be a
compact subset of X. There exist rational numbers ry < --- <1y in [0,2)NQ such that
for every C* differential form ¢ of type (n,n) on X with support in K, the function
F, = sz @ admits, as s — 0, an asymptotic expansion of the form:

Fo(s)~ D Tpl(p)s™s™|s| (log|s])

r=r1,.
]=0,...,n
(m,m’)eN?

where T is a (1,1)-current on X.

Since Fi,(s) does not blow up as s — 0, we have T&bj(gp) =0forj>1. Let0<r
be the minimum of non-zero ry < --- <ry in [0,2) N Q, then for 0 < a < min(r, 1), we
have

[Fo(s) = Fo(0)] < Cp) [s]"

Thus F,(s) is Holder continuous around 0.

Remark 1.4. When the base of the fibration 7 is of higher dimension, Takayama
extends Barlet’s result in his recent paper [Tak20].

1.C. Convergence on the singular fiber

Let m: X — DD be a proper surjective holomorphic map from a complex manifold X
of complex dimension p = ¢+1 to the unit disk. Suppose that m has connected fiber and
Xo == 7 1(0) is the unique singular fiber. We define Sing(X,) = {z € X | dm, = 0}
and X ,0q = Xo \ Sing(Xp). Let X, = 7 1(s).

We introduce the following frequently used notion of convergence on the singular
fiber.

Definition 1.5 (Convergence on the singular fiber). Under the above settings, let
(8n)n>1 C D° be a sequence such that s, — 0 asn — 0o. Let (fs, )n>1 be a family of C*
functions on X, and f be a C* function on Xoreg- Around any p € Xoreg, the map
1s a locally trivial fibration by Ehresmann’s theorem, so we have an open neighborhood
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U of p with the following diagram:
iU —— V xD,
D

Then we have a family of diffeomorphisms is: U N Xy — V x {s}. For s € D,, we
define f, = (i5)«(fs) to be a C* function on V', and define f = (io).(f).
We say fs, converges to f in Cf_ on X e if around any p € Xo,eg, we have a
coordinate chart U ~V x D, and f,, — f in the CF_(V) topology. This notion of
convergence does not depend on the choice of coordinate charts.

Remark 1.6. Let f: X \ X; — R be a continuous function. Then f can be extended
to be a continuous function on X \ Sing Xj if and only if f, converges to a continuous
function fy € C%(Xgeg) in CL. on X e for any sequence s, — 0.

We shall show how the convergence on the singular fiber could imply the convergence
of the fiber integral in the following.

Lemma 1.7. Suppose fs, — [ in C). on Xo,eq and f is a continuous function on
Xoreg- Let w be a Hermitian form on X. Then

/ WWSMW/LMW
X0 reg n—oo JXx

sn

for1 <l < 0.
Generally, if fs, — [ in CE. on X ,eq, then

[t <imsw [ v,
XO,reg X

n—oo s
n

for0<r <k 1<I[<o0.
Before the proof, we need a partition of unity tailored for our situation:

Lemma 1.8. Let X be a smooth manifold and K C X be a compact subset. Suppose
{UY, is a finite open covering of K. Then there exists a collection of smooth functions
{pi}N, with p; : X — R such that:

(1) supp(p;) C U; for eachi=1,... N.

(2) 0 < pi(x) <1 foralxelX.

(3) SN pi(x) =1 forallz € K.

(4) SN pi(z) <1 forall x € X.

Proof. (of Lemma 1.8) Since K is compact and {U;}Y, is an open covering of K, the
collection of open sets U = {U;,Us,--- ,Un, X \ K} is an open covering of X. Let
{p1,p2, "+, PN, pn+1} be a partition of unity subordinate to &. Then we obtain the
desired {p;} ;. O

Proof. (of Lemma 1.7) Let U ~ V x DD be a coordinate chart around some point in X yeq
trivializing the fibration 7: X — ID. Let h be a continuous function on X compactly


https://orcid.org/0009-0003-6875-3981

HEIGHT PAIRING FOR DIFFERENTIAL FORMS 7

supported on U. Then if f,, — f in Cf_ on Xgeg, we have hg, [V" fs.| — ho|V"f] in
the C°(V)-topology. In particular, we have on’reg WV I w? = lim, e szn RV fo | wi.
For any compact subset K of X e, let {U;}i*; be an open covering of K by open
sets in X \ Sing Xy and we assume that each U; ~ V; x D is a coordinate chart that
trivializes the fibration 7.
We then take the partition of unity {h;}X, subordinate to {U;}Y, as in Lemma 1.8,

then for each 7, we have

/ hi |V o, |fw? — hi |V F|' w.
X

Sn XO,reg

Therefore, we have

N N
rel, a AT Ll = i N i S U
Jvster <3 [ nveter=tm 3 [ nivste
=1 0,reg =1 sn

< limsup/ V7 foul @
n—00 Xop

As K can be taken to be any compact subset of X ez, we conclude that

[t stms [ 9t
XO,rcg X

n—oo s
n

O

If f;, in the previous lemma (Lemma 1.7) is zero in a tubular neighborhood of
Sing Xy, then we have the equality for the limit of fiber integral.

Lemma 1.9. Suppose fs, converges to f in CP. on Xg,eq and there exists € > 0 such
that fs, , f are zero in a tubular neighborhood B(Sing Xy, €) == {p € X : dist(p, Sing Xy) <

€} of Sing Xo. Then for any smooth (q,q) form «, we have

fs,ao — fa, asn — oo.
Xo Xo
Proof. Let U, = B(Sing X, €) be an open tubular neighborhood of the singular locus.
Since X, \ U, is compact and contained in the regular locus of Xj, we can cover it by a
finite number of open sets {U;}Y | in X \ Sing X, and we assume that each U; ~ V; x D
is a coordinate chart that trivializes the fibration 7. Then we have an open covering
U U{U;}Y, of X,.

Since 7 is proper, we can find ¢ > 0 such that 7—'(D,,) C U, UUY ,U;. We apply
Lemma 1.8 to the compact set 7 *(D,,) and its open covering U, U {U;}}¥,, then we
have a collection of smooth functions {p;: U; — R}¥, (we denote U, by Up) such that
e supp(p;) C U; for each i =0,1,..., N,

o 0 <pi(x)<lforallxze X,
o >N pi(x) =1for all z € 7 (D).
Then for n > 1 such that |s,| < ¢, we have

N N
Jsna = ;/X pifs,0 = ;/}; Pifsn

Xsn sn mUi

sn
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And
N N
Jfa= / pifa = / pifa
Xo ; Xo ; XoNU;

Since fs, , f are zero in Uy = U,, we have

/ pofa=0= / pofs,
XoNU; Xs,NUo

For 1 <i < N, the fibration 7 on U; >~ V; x D is trivial and (p; fs,a) |v,— (pifa) |v;
in CP.. So

loc*

vi= / pifa.
XoNU;

fs, a0 — fa, asn — oo.
Xop Xo

7 K3

/XsnmUi pifsn = /,(pif&'o‘) Vi _(/)@-foc)

In summary, we have

O

We can extend above lemma if the contribution of fiber integral around singularities
is small enough, which is the following lemma.

Lemma 1.10. Suppose f, converges to f in C}

loc 01 Xoreg and X is reduced. Let w

be a Kdhler metric on X.
For any € > 0, we define

I(e) = limsup/ | fsn W,
n—00 B(Sing Xo,6)NXs

where B(Sing Xo,€) = {p € X: dist(p,Sing Xy) < €} is a tubular neighborhood of
Sing Xj.

If I(¢) — 0 as € — 0 and f is L'-integrable on Xy, then for any smooth (q,q) form
a, we have

fs,oo — fa, asn — oo.
Xon Xo

Proof. For any fixed € > 0, we have a cutoff function 7. € C*°(X) such that
e 0<n <1,

e 7. = 1 on B(Sing Xy, ¢/2),

e . =0 on X \ B(Sing Xy, €).

Then by Lemma 1.9, we have

fs, (1 —n)a — f(l—nda, asn— oo.
Xon Xo

Therefore, we have

lim sup fs,a — / fal < limsup fs,nea| + / fneal .
n—00 X, Xo n—00 Xsp Xo
For the first term, we have
o
/ Jsamea| < H_q / | fonl w?.
X WH L J B(Sing Xo.€)
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So
wsun| [ fne] <[] 16
n—oo Xsp wallLee
We then have
(1.1) limsup/ fsna—/ fo gHg I(e) + / fnea .
n—00 Xsp, Xo wallLee Xo
Note that

«
< || —
= |l e

| f]wiw?

/XO fnea

and vol(B(Sing Xy, €) N Xy) — 0 as € — 0 by Lemma 1.12. So ‘on fnea‘ —0ase—0
by Ll-integrability of fa.
Letting € — 0 in Equation (1.1), we obtain

fsna - / fa
Xs, Xo
We then conclude the result. [l

Lee /;(Sing Xo,6)NXo

=0.

lim sup
n—oo

We shall see that I(e) — 0 is natural under certain uniform integrability conditions.

Lemma 1.11. Suppose fs, converges to f in CP. on Xo,eg and Xo is reduced. Let w

be a Kahler metric on X. If there is 1 <r < oo and a uniform constant L < oo such
that HfSnHL’"(XS we) < L, then for any smooth (q,q) form o, we have

fs,oo — fa, asn — oo.
Xon Xo

Proof. By Lemma 1.10, it suffices to check the following two conditions

e The contribution of fiber integral around singularities

I(e) —limsup/ | fon | w?
n—00 B(Sing Xo,6)NXs

goes to zero as € — 0.
e The f is L'-integrable on Xj.

The first condition is justified by the Holder inequality and the volume estimate of
tubular neighborhood in Lemma 1.12

1/r 1/p
lim sup/ |fs,| w? < limsup (/ |f5n|rwq) (/ wq>
n—r00 B(Sing Xo,6)NXs n—00 Xsp B(Sing Xo,6)NXs,,

< Llimsup vol(B(Sing Xo, €) N X))
n—oo
< LCeé (by Lemma 1.12).
The second condition follows from Lemma 1.7, we have

171 < limsup 1, < L

for 1 <7 <oo. So f € L'(Xo). O
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We prove the uniform bound for volume of tubular neighborhoods of singular set,
which is used in previous two lemmas and is standard:

Lemma 1.12 (Volume bound for singular tubular neighborhoods). Let 7: X — D be
a proper surjective holomorphic map from a complexr manifold X of complex dimension
p=q+1 to the unit disk. Suppose that ™ has connected fiber and Xo = n=1(0) is the
unique singular fiber. Suppose X is reduced. Then Sing Xy is of complex codimension
> 11 Xj.

Letw be a Kdhler metric on X, and denote by B(Sing Xy, €) the e-tubular neighborhood
of Sing Xy in X with respect to the distance induced by w. Then there exist constants
C >0 and €y > 0 such that for all s € D near 0 (including s = 0) and all 0 < € < €,

we have
/ wl < Ce.
B(S,e)NXs

Proof. Since Sing X is a compact complex analytic subvariety of X, of complex dimension
less than ¢ —1, its 2(¢— 1)-dimensional Hausdorff measure is finite. Thus, there exists a
constant C; > 0 such that for any sufficiently small € > 0, the compact set Sing X, can
be covered by a finite number of balls N (¢) of radius € centered at points x; € Sing X,
where

N(e) < Cye a1,
The e-tubular neighborhood B(Sing X, €) is strictly contained in the union of the
concentric balls B(x;, 2€).

Next, we bound the volume of X within these local balls. For any s (including s =
0), X is a purely ¢g-dimensional complex analytic cycle. Because w is a Kéhler metric
on X, the standard Bishop-Lelong theorem (or monotonicity formulas) guarantees that
the volume ratio is monotonically increasing. Thus, we take Ry > 2¢; such that for all
r € 5 and all 2¢ < 2¢g < Ry, we have

1 / 4 < 1 q
e wl < — wi.
(2€)% ) gz 20nx., 3" B(a,Ro)NXs

Furthermore, because dw = 0 and the fibers X, are homologous in X, the total volume
of the fibers V = [ x, w? is a topological constant independent of s. We have a uniform
constant Cy and the following inequality

V
/ wi < <_2q) (26)2‘1 = Cye™.
B(z,2e)NXs RO

Finally, combining the covering estimate and the local volume bound, we obtain, by
the subadditivity of the volume,
N(e)

/ wl < Z/ w? < N(e) - Cre®? < C1Co€%,
B(Sing Xo,6)NXs B(z;,2¢)NXs

i=1
Setting C' = C'1Cy, the bound holds uniformly for all s near 0, completing the proof. [J

Finally, we give a sufficient condition on the existence of limit of convergence on the
singular fiber:
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Proposition 1.13. We work under the above settings and assume that Xy is reduced.
Let ¢ be a real function on X \ Xo. We assume that ¢|x, is smooth on all reqular fibers
X for s # 0, and define a family of smooth (1,1) forms Bs = dd°(¢|x,) on each X
for s # 0.
Let w be a Kdhler form on X. If the following conditions hold:
o Around any point of X eg, we have an open neighborhood U such that the L*°-norms
18w, Bsll oo (x,1ry are uniformly bounded for [s| < 1.

e The family of functions fs = tr, s converges in CL_ to a continuous function fo on
X0 reg-

o The L*-norms [¢sll 12(x. wy @nd [|[d@s 12 (x, ) are uniformly bounded for |s| < 1.

Then for any sequence (Sp)n>1 C D° such that s,, — 0 and any 0 < a < 1, there exists

a subsequence of s, (by abusing the notation, we denote the subsequence by s, itself)

such that

e ., converges in Cv% to a CY* function @y on Xoreg,

Yo € VVlif(XO,reg) for any 1 < p < o0, and ¢y solves —A, po = 27 fy almost

everywhere on X yeg,
Yo € Wl’Q(XO,reg)-
If o is a smooth (q, q)-form, then

/ Ps,, X — Yo
X Xo

sn

Furthermore, for two different limits @o, vy, their difference wo—j is locally constant
on Xo reg-

Proof. Around any point of Xy ¢, we have an open neighborhood U such that the L>°-
norms ||tre, Bs|| ooy, ey are uniformly bounded. By shrinking U, we assume U ~ V x D,
that trivializes the fibration .

Around any point of V', we take a relatively compact coordinate ball W. Then ¢,
solves

—A,, s = 2mtr, ddSp, = 2mtr,, s on W.

Note that A, is a family of uniformly elliptic operators for |s| < 1. By standard local
L> bounds for elliptic PDEs (see Gilbarg-Trudinger [GT01, Theorem 8.24]), we can
shrink W to a slightly smaller domain W € W to obtain

sl ey < € (Ieallzagny + ItrBull e

< C (Il gy + Nt Bull e o) -

where C' is a uniform constant independent of s. By our assumptions, the right-hand
side is uniformly bounded in s.

Next, by interior L? estimates for elliptic equations (see [GT01, Theorem 9.11]), for
any 1 < p < oo, we can further shrink W to W’ to obtain

lesllwznqwy < Co (Ieallpomy + 1ot Bl o)

< Cp (el ooy + M8 Bsll e ) -
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Thus, [[¢s|ly2s -y is uniformly bounded for any p > 1.

By the Sobolev embedding theorem (Morrey’s inequality), for p > 2¢g (where ¢ =
dimc X,), W2P(W’) embeds compactly into C**(W’) for 0 < b < 1 — 2q/p. Since p
can be chosen arbitrarily large, ||¢s|/c1s(yy is uniformly bounded for any 0 < b < 1.

To patch these local estimates together, note that X, is second-countable, so we
can choose a countable exhaustion by compact subsets K1 € Ky € --- € Xy such
that U,,, KK, = Xoeg. For each K,,, we can cover it by finitely many such charts W’. By
the Ascoli-Arzela theorem and diagonal argument, we can extract a single subsequence
(sn) such that ¢, converges in C2% to a limit function ¢y € C%(Xg ) for any given
a € (0,1). Furthermore, the uniform bounds in Wli’f guarantee that oy € VVlif(Xo,reg)
and that ¢, — @y weakly in W27

loc *

Since f, = tr,, [s, converges in C)_ to the continuous limit fy, passing to the limit

loc
in the PDE implies that ¢, satisfies —A,,po = 27 fp almost everywhere on X yeg.
By the third condition and Lemma 1.7, we have ¢y € W2 (X 0 ).

Since |[sl 2 (x, .,) 18 uniformly bounded, by Lemma 1.11 we have

/ Vs, O —> Yo
X Xo

for any smooth (g, ¢)-form o on X.

Suppose ¢y and ¢ are two limits arising from different subsequences of ¢, . Both
solve the same equation —A,, ¢ = 27 fy almost everywhere on X ,cs. So their difference
h =y — 0y € WP (Xoreg) 18 a weakly harmonic function on X e with respect to

wo. Since h € W2(X, o) globally and the singular locus of Xj is of real codimension
at least 2, by Theorem 1.1, A is locally constant. 0

As a corollary, we have the following result on continuity of fiber integral

Corollary 1.14. We work under the assumption and notations of Proposition 1.13.
Assume that all conditions in Proposition 1.13 are satisfied.

If o is a smooth (q, q)-form such that fc a =0 for each irreducible component C' of
Xo, then the fiber integral I(s) = fXS s 18 continuous at s = 0.

Proof. We prove it by contradiction. Otherwise, we would have two sequences {s,,}
and {s/ } with s,, s/, — 0 such that

lim I(s,) # lim I(s}).

n—oo n—oo

By Proposition 1.13, we assume that ¢,, — @0, @s — ¢ in C’llo’ff on X reg, then

lim I(s,) = / woar, lim I(s]) = / wha.
n—o00 Xo n—0o00 X
Since g — ¢y is locally constant on X e, and each irreducible component C' of X is
connected, ¢y — ¢} is piecewise constant on irreducible components of Xy. Therefore,

/ (800 - %)Oé = Zconstant/ a=0,
XO C C

where C' runs over all irreducible components of Xj.
Thus, lim,, e 1(S,) — lim, o I(s],) = 0, which is a contradiction. O
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1.D. Smoothness of spectral projection

Let m: X — S be a proper, smooth submersion between smooth manifolds. In
Demailly’s expository article [Dem02], he proved the following;:

Lemma 1.15 ([Dem02, Lemma 10.3]). Let g be a Riemannian metric on X, and let
gs be its restriction on each X, = m1(s). Then —A,: C®(X,,R) — C®(X,,R) is a
smooth family of elliptic operators. Furthermore, the eigenvalues of —Aj

0< Xo(s) <Ai(s) <---

are continuous in s.

Moreover, if X is not in the spectrum {\i(so) }k>0 of —As,, the direct sum Wi, C
C>®(X}) of eigenspaces of —As with eigenvalues < X\ defines a C™ wvector bundle (i.e.,
varies smoothly), in a neighborhood of sq.

As a direct corollary, we have

Corollary 1.16. Let u be a smooth function on X and P%,: C®(X,) — C®(X;) be
the orthogonal projection onto Wi y. -

Suppose A is not in the spectrum {\,(so) tr>0 of —As,, then P2, (u) and (1—P%,)(u) =
P2, (u) are smooth on 7" (U), where U C S is an open neighborhood of sy.

2. SPECTRAL GEOMETRY OF DEGENERATION OF ALGEBRAIC CURVES

In this section, we study the spectral geometry of the degeneration of algebraic
curves, closely following the recent work of Dai—Yoshikawa [DY25]. In the first two
subsections (Section 2.A, Section 2.B), we recall the tools developed in [DY25]. In
the last subsection Section 2.C, we study the properties of eigenfunctions with small
eigenvalues.

We introduce the setup for this section.

Setup 1. Let 7: X — § ~ D be a proper surjective holomorphic map from a complex
surface X to a Riemann surface isomorphic to the unit disk. We assume that 7 has
connected fibers and X, = 771(0) is the unique singular fiber. We define Sing(Xj) =
{x € Xo | dry, = 0}, Xoreg = Xo \ Sing(Xp) and X° := X \ Xo. Let X, =7 1(s).
Assume that X is equipped with a Kéahler form w, and let the corresponding metric
be ¢X. Let g, = g%
Kéhler metric. We assume that vol(Xj, g5) = [ x, ws = 1.

x., then (X, gs) (s # 0) is a compact Riemann surface with a

Assume that X, is a reduced and reducible divisor of X. In particular, 7 has only
isolated critical points on Xj.

2.A. Properties of small eigenvalues

For s # 0, let 0 < Ai(s) < Ay(s) < --- be the eigenvalues of the Laplacian (with
respect to gs) Oy = 80 counted with multiplicities. For s = 0, we regard [, as the
Friedrichs extension of the Laplacian on X e, = Xo\ Sing X with compact support.
Then by Yoshikawa’s paper [Yos97], A;(s) is a continuous function in s € S for each
1> 1.

Let N = g{irreducible components of Xy} = dimker(dy), we have a precise control
for small eigenvalues around 0:
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Theorem 2.1 ([DY25, Theorem 0.2]). There exist constants Cy, Cy > 0 such that for
all s € D°,

L,l <Ai(s) < < Ayi(s) < L,I
log(|s| ™) log([s| ™)

In contrast to the first N — 1 small eigenvalues, the remaining eigenvalues have a
lower bound as s approaches 0.

Theorem 2.2 ([DY25, Theorem 3.8]). For all k > 1, the function A\i(s) on S° extends
to a continuous function on S. Moreover, for all k > N, A\(s) > X for a positive
number X\ > 0.

We call Ai(s), -+, Any_1(s) small eigenvalues. Using Corollary 1.16 and the spectral
gap of eigenvalue A\y(s) in Theorem 2.2, we define the spectral projection onto the
direct sum of eigenspaces with small eigenvalues.

Lemma 2.3. We take a constant 0 < dy < 1 depending only on the geometry of the
degeneration and work on Dj .

For s € g, let Wsiow C C>®(X) be the space spanned by eigenfunctions with
small eigenvalues Ai(s), -, An_1(s). Let PS : C®(Xs) = Wsiow be the orthogonal
projection onto W joy.

Then for any smooth function u on X \ Xy, its low frequency part P

5 (w) is smooth
onm ' (Dg,). Similarly, its high frequency part (1—Pg,)(u) is also smooth on ' (ID§, ).

Proof. (of Lemma 2.3) Using the notation in Theorem 2.1 and Theorem 2.2, we define
do by

C 1
Df, = {s € 5% — 5w < JA}
log([s[™") — 2
On the punctured disk Df , we have
C 1
Av_1(s) L < X< n(s).

<— < 5
log([s| )

For s € D5 , we have B = P;%/\. By Corollary 1.16, we know Pég)\(u) is smooth

on (D3, ). O
Throughout this paper, we denote P?_ (u) by woy and (1 — B2 )(u) by Unigh-
2.B. Thick-thin decomposition of nearby fibers

From a geometric perspective, each nearby smooth fiber X (s # 0) admits a thick-
thin decomposition. As the family degenerates, the thick part of X, converges to the
regular locus of the singular fiber, X \ Sing(Xy), while the thin part collapses to the
singular points Sing(Xy). Since Xy \ Sing(Xy) consists of N connected components,
the thick part of X, correspondingly decomposes into N disjoint regions.

Following [DY25, Section 6], for each 1 < ¢ < N, we construct a model function T ¢
C*>(X,) in Proposition 2.8 that serves as a smooth approximation of the characteristic
function on the i-th thick component.

We construct these model functions in the following three steps:
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Step 1: We construct a family of diffeomorphisms which sends the smooth part of the
singular fiber to nearby smooth fibers. The idea is to pick a C'*° complex vector field
v on X\Crit(f) satisfying f.v = 0/0s, and use this vector field to flow points on the
singular fiber to nearby smooth fibers.

We collect useful results in [DY25, Section 6] and omit the construction. Then we
have the following theorem

Theorem 2.4. For s € D and |s| < 1. Let v € Z>; be a positive integer depending on

the degeneration. Let €(s) = 2 |s|$, we have a family of diffeomorphisms
Fy: Xo \ Upesing xo B(p, €(s)) = Fo(Xo \ Upesing x, B(p, €(s)))(C X)
z > Fy(z) € X

The family of diffeomorphisms enjoys the following properties:

(1) [DY25, Equation (6.2)] When s =0, then Fy: Xo — Xy is the identity map.
(2) [DY25, Equation (6.2)] The family Fy is smooth in s.

(3) [DY25, Equation (6.3)] For z € Xy in the domain of Fs, we have

dist(F,(2),2) < K |s|3
(4) [DY25, Lemma 6.4] Let w be the Kdihler form in our settings, then

1
ICFS) " Ws = Woll Low (x\Upesing vy Blwcts) < K2 15[2 -

(5) [DY25, Lemma 6.5] For any two functions x, X" € C3°(Xo \ Upesing x, B(p; €(5))),
we have

1
[ ((Fo)xs (F)ex)r2xsy = 06X ) r2xo) | < Ks 117 1 i) I 2o -
1
’Hd«Fs)*X) HLQ(XS) - ||dX||L2(XO) < K3 |S|2 ||dX||L2(X0) :

Remark 2.5. The result in Theorem 2.4.(4) can be generalized to any differential form

on X with C! regularity. For any smooth form o on X with C!-coefficients, we have

1
ICFS)" s = @]l oo (x0\Upesing g Boe(s))) < B2 18]2 -

The proof follows verbatim as in [DY25, Lemma 6.4].
We estimate the volume of the subset in X, that is not in the image of Fj.

Corollary 2.6. Let Oy be the image of Fy inside X,. Then Oy is open in X, since F
is a diffeomorphism. And for |s| < 1, there is a uniform constant K4 > 0 such that

/ wy < Ky |s| .
Xs\Os

Proof. Let x5 € C5°(Xo \ Upesing xo B(p, €(s))) be a test function such that
e We have 0 < y, < 1.

e On Xo \ Upesing x, B(p, 2€(s)), xs = 1.

Then we have

0 < vol(Xo) = (X Xo)rzxo) € Y, Kile())? = Kils| ™,

peSing Xo
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where K is a constant depending on the geometry of singular fiber.
Since Xy is reduced and w is Kéhler, we have vol(Xy) = vol(X;). Together with
Theorem 2.4.(5), we have

1 1
0 < vol(Xy) = ((Fi)uxs; (Fo)axs)r2cx,) < Ksls|? + Kjls|v .
Note that 0 < (Fy).x < 1 and (Fs).x € C5°(Os), we have

/ we < VOU(X,) = ((Fa)uxs (F)X)rcey < K ls|
Xs\Os

Step 2: We construct good test functions on the singular fiber, which will be flowed
using diffeomorphisms in Theorem 2.4 to nearby fibers in Step 3 for constructing model
functions.

Let Xy = C} + --- + Cx be the irreducible decomposition of the singular fiber Xj.
For each singular point p € Sing X, N C;, we fix a local coordinate system (U,,(),( =

(C1:G2) € C* and ¢(p) = 0. We define 1,(2) = [|¢(2)[| = /|G| + ¢

Then we construct a family of functions on Xj.

Lemma 2.7 ([DY25, Lemma 6.6]). For every 0 < ¢ < 1, there exists a family of
smooth functions Xg)(l < i < N), such that

(1) For 1 <i < N, we have e Ce(C; \ Sing(Xy))
(2) We have 0 < X < 1. On C;\ Upesmgxpma |
(3) For any p € Sing Xy N C;, we have XEZ)(Z) =0 if rp(2) < 3¢ and () =1 if
rp(z) > 24/€.
12
(4) We have deéz) ‘ < Ky/(loge ') where K; > 0 is a constant depending only on
L2

m: X — S around 0 € S,
(5) For each i, the ) depends on € continuously.

U,, we have XE“ =1.

Step 3: We use the family of diffeomorphisms generated by flow in Step 1 and the
collection of good test functions on X, in Step 2 to construct the collection of model
functions on Xj.

Proposition 2.8 ([DY25, Section 6.2]). For 0 < |s| < 1, there exists a family of
smooth functions Y € C=(X,) (1 <i < N), such that

(1) For any 1 < i < N and any s, there is a constant C > 0 depending only on the
geometry of degeneration such that 0 < T <.

(2) For 1 < i < N, the function YW (s, z) = Tgi)(z) for 0 < |s| <« 1,z € X; is
continuous on X \ Xo, i.e., the family varies continuously in s away from the
singular fiber.

(8) For 1 <i,57 <N, i# j, we have Supp TV N Supp TV = .
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(4) For 1 <i < N, we have estimates

—1+0(s|%), [lax¢ K

Y e, . <
|| s s HLQ(XS) — 10g(|5|_1)

) 2
Iz,

The constant K > 0 depends only on (1: X — D,w).
(5) The function ng)(z) is constant for z € Xy in Fy(Xo \ U, cging x, B(D 45(5)%)),

where €(s) = 2 |s]8%.
Proof. We define
(2.1) TO(s) = (F).(xi0hs)/ VArea(Cy) € C=(X,),

where €(s) = 2 ]s|8%
Since 0 < Xil()s) < 1, Proposition 2.8.(1) is proved.

(@)

Since Xe(s) depends on s continuously by Lemma 2.7.(5) and Fj is continuous in s,

T (s) varies continuously in s. Then Proposition 2.8.(2) is proved.
For the remaining parts, we refer to [DY25, Section 6.2]. O

Corollary 2.9. For any p € X, \ Sing Xy, there is an open neighborhood U of p such
that YW (s, z) == Tgi)(z) is constant for 1 <i < N.

Moreover, we can extend Y% (s, z) to be a continuous function on X \ Sing Xo. And
YO (s, 2) is locally constant around X, \ Sing Xo.

Proof. By the definition of Fy in Theorem 2.4, for any p in X, \ Sing X, we can
take an open neighborhood U of p in X such that U N X, is contained in Fy(Xg \
Upesing xo B®; 4¢(s)2)). From the definition of T® in Equation (2.1), the Y@ equals
to 1/y/Area(C;) on U. So Y@ is locally constant around any point in X \ Sing Xj.
Together with Proposition 2.8.(2), we know that T is continuous on X \ Sing Xj.
Furthermore, it equals to 1/4/Area(C;) around any point in X \ Sing X. O

We call T model functions.

2.C. Properties of small eigenfunctions

Eigenfunctions associated with small eigenvalues are called small eigenfunctions. We
approximate these using the model functions defined in Proposition 2.8. The results
are summarized below.

Theorem 2.10. Let {®;(s,2)} ! be eigenfunctions of A, with eigenvalues 0 <
A(s) < Aa(s) < -0 < Anoa(s), e, —AL, P = N(s)P;, on X, Then for each
1<j <N -1, we have a decomposition for ®;,

(2:2) @,(5,2) = 3 Ciggan ()T (5, 2) + Ry(s.2)

for 0 < |s| < 1, where Cyj(s) = [y Tg)@j,lws = (Tgi),CIDj,l)Lz(XSMS). And we have
the following estimates

(1) There is a uniform constant C' such that |Cj;(s)| < C for all1 <1 < N and all s.
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(2) There is a uniform constant C' such that

C? 1
AR |20 « < ———— |[R[[2ay , < CP————
1 o = gy Mollee = 000

forall1 <7 < N and all s.

Remark 2.11. We mention that the choice of small eigenfunctions is not unique.
Nevertheless, the non-uniqueness of choice can be controlled: Let {®;(s,2)}Y ;' and
{®/(s, 2)} 1" be two families of normalized small eigenfunctions. They span the same
vector space V and are orthonormal bases under the L?-inner product. Thus, they are

related by an orthogonal matrix, i.e., there exists a matrix O € O(NN — 1) such that
(q)/1<87 Z)? (I)/2(87 Z)? B (I)lel(Sa Z)) = (q)1(57 Z)v (I)2<57 Z)a B (I)N*1<Sa Z))O
From the equation Equation (2.2), we have

(q)lla (I)/27 U 7(I)IN71> = (T(l)v U 7T(N)>(Cl(j+1)> 1<I<KN O+ (Rl, cee ,RNfl)O

1<j<SN-1

_ (T(l),--- ’T(N)>(Cl/(j+1))1<ljg5v]\£1 + (R}, -, Ry_4).

So for another choice of eigenfunctions, the remainders are related by an orthogonal
matrix and the estimates are the same for R}, -+, Ry_;.

Proof. We begin with the Fourier expansion for each model function Tgi) (1<i<N)
N-1

on X, with respect to the lower frequency eigenfunctions {®;(s, z)};2;",

N-1
2. R P SCELIRY)
X, P

N

()
where ¢;;(s) = [ X, Tgi)cbjws and A is the high frequency remainders.

We estimate A in the following lemma:

Lemma 2.12. There is a uniform constant K > 0 depending only on the degeneration
such that K

RO -

H s HL2(XS7UJ5) — log(yslfl)

Proof. (of Lemma 2.12) Applying —A,,, to Equation (2.3), we get the following equation

on X,
N-1

ALY = " ci(5)Ai(s)0; — Ay, b,

=1
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Since hg) has no low frequency modes, by spectral gap in Theorem 2.2, we have a
uniform A > 0 such that

ARO|7

HLQ(XS,WS)

S <_Aw

(2.4)

The equality in the third line holds since the high frequency term hgi) in the Fourier
expansion (Equation (2.3)) is L?(Xj,w;s)-orthogonal to low frequency modes ®; (1 <
j<N-1).

Integrating by parts on the compact manifold X, and using the estimate for the
model functions T (in Proposition 2.8(4)), we get

K

—A,Y® 10 , < —
— N

E )L?(XS - HdTl

where K is a uniform constant.
Since A, preserves orthogonality in the Fourier expansion Equation (2.3), we have

Y )
s,Jlow? — slow L2(Xs)
2

(Ao 70,) L = (Aul

L2(X5)

<0.

L2(Xs)

o

s,low

Put things back into Equation (2.4), we get

K

a2
A ||hg HL2(Xs,wS) < 10g(|8|71).

So we can find a uniform K; > 0 such that for all 1 <7 < N, we have
K/

Al < — .
H log(|s| ™)

51) HLQ(XS,UJS)

We now go back to our theorem.

(1) We use the notation ®y := 1 and consider the following correlation matrix C'(s) =

(Cij(8))1<ij<n,

Ci;(s) _/ TOD; jw, = (TV &, 1) L2(Xsws)-

Then |Cy;(s)] < HT@

2l = 00,
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(2) We then show that the correlation matrix C(s) is close to an orthogonal matrix

with controlled error terms:
N
=

(cchy,;

Zc
Nl

=) (Y9 @1 1) o x) (Y9, @11) 12,

=1
Z(I)l (T @, _4))

= (T;))Téﬂ _hsj))
= 170 gy G5 = (XL, )

L2(X,) V4 s 210

H

The last equality follows by Proposition 2.8(3).

Since ’ oy 1+ O(|s|8%) (by Proposition 2.8(4)) and ’(Tgi),hgj))‘ <
thj) L HTgi) L O(W)% (by Lemma 2.12), we have
CCT=1+E,
where E| the error term, is controlled by [|E|| < K1(ﬁ)%- So C~1 =CT(I +
E)~L
Since ||F|| < 1 for |s| < 1, we have
(I+EY'=I-E+E*-E+...=1+F,
where B/ =37, (—1)"E’. We estimate that
11 < 181 (04 S 11 < Koty
for some uniform constant K5. Then
cClt=C I+ F).
Note that
T — pM . D, 1
- = TSI)OW =C(s) (I).l =C(s) n
T — B Tgo)w Q-1 Pn_y
We have
1 T, T
©y — C7Y(s) Ti?l)ow —COT(s)(I + E') TiZI)cxw
By V) V)
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So for each 1 < j < N — 1, we have

N
(2.5) ®(s) =Y Cigen ()T, + Ry
And the remainder term R; = (C’T B () ,TEJYO)W)T> is controlled by
’ ’ j+1
T () M7l 1 s
1R < ||CT| e 1] 1oe H(Ts,mwa“' ;L tow) HLOO = O(w)”
So (| Rl 12 (x,) < C’ZW for some constant C' > 0.

To estimate the derivative of the remainder, we take the derivative of the Equation (2.5)
on X,

=

d(I)J( Cl J+1) Z s, low =

Then

N
145512 < 37 gl [0, + 1050

Since [[d®;(s)|| > = A?(s) and HdT

we have

-0 (W) by Proposition 2.8(4),

s,low )LQ

1

dR;||?, < C?———
|| ]HL — log(yslfl)

for some constant C' > 0.

3. ESTIMATES OF PREFERRED POTENTIALS

The setup for this section is the same as Section 2 (see Setup 1).
Given a smooth real (1, 1)-form « on X, we introduce the following two integrability
conditions:

Condition 3.1. We say « satisfies the integrability condition on general fibers, if
Jx, a=0forall s # 0.

Condition 3.2. We say « satisfies the integrability condition on the singular fiber, if
« satisfies the integrability condition on general fibers (Condition 3.1) and

/azO,
C;

where C; (1 < i < N) are irreducible components of the reduced singular fiber Xj.

Our goal in this section is to study the preferred potentials of smooth (1,1)-forms
on X satisfying Condition 3.1. The notion of preferred potentials originates from
[FT23, Theorem 3.2.4].

Definition 3.3 (Preferred potentials). Let « be a smooth real (1,1)-form on (X, w)
satisfying the integrability condition on general fibers (Condition 3.1). Then there is
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a unique @ € C°(X \ Xy) such that

/ pws =0, (o +dd)

We say that o is the preferred potential of the differential form c.

.= 0.

Since (X, ws) is compact and ¢ |x,= s is smooth on it, we can expand it using
Fourier series in terms of eigenfunctions of A, :

05 = Z ci(8)®;(s,2) + Z ci(8)®@;(s, 2).

The coefficients are determined by
o) = [ oatils. 2,

—ddSd;(s, 2)
-9 i <)
”/ TG

—or | | (o)1

We use b;(s) == [ ®i(s,2)a to denote the integral terms, and the properties of \;(s)
are known for 1 <4 < N — 1 in Theorem 2.1.

We then divide ¢ into two parts, a low frequency part and a high frequency part,
following the Fourier expansion:

(3.1) Plow = i ¢i(8)®i(s,2),  Pnigh = Zcz-(s)cbi(s, 2).

These two parts are smooth on X \ Xy by Lemma 2.3.
Then we introduce the main theorems of this section.

Theorem 3.4. We work under Setup 1. Suppose « is a smooth real (1,1)-form on
(X, w) with Condition 3.1. Let ¢ be the preferred potential of «.

(1) We have an L* bound for ppigh,
nign ey < C ltrall e
for all s # 0. The constant C' only depends on the geometry of the degeneration.
(2) We have control over the growth order of [|¢iow | Loo(x,)
-1
HQDIOWHLOO(XS) S C ”truJoOéHLl(Xo) 10g(‘8| )
for all s #£ 0. The constant C' only depends on the geometry of the degeneration.

When « satisfies the integrability condition on the singular fiber (Condition 3.2),
the growth order of |[piow| = (x,) has a better control.

Theorem 3.5. We use the same assumption and notations in Theorem 3.4. We
assume that the smooth real (1, 1)-form « satisfies Condition 3.2. Then the low frequency
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part Yo of the preferred potential satisfies

QOOW o0
H 11/2HL (_Xl—s) — 0, ass—0.
log™ "= (|s[ )

3.A. Estimate of the high frequency part

We prove the first part of Theorem 3.4 regarding the high frequency part of the
preferred potential. The proof is based on Cheng-Li’s argument [CL81] (also seen in
Siu’s lecture note [Siu87, Appendix (A.2)]).

First, we introduce the following high frequency truncated heat kernel and Green’s
function on each (X, w;):

HN (21, 29,t) = Ze’ki(s)tq)i(s, 21)®i(s,29) (truncated heat kernel)

i=N

N(z1, 20) (s,21)®Pi(s,22) (truncated Green’s function)

/\

Then the high frequency part pign in Equation (3.1) can be represented by

(3.2) Puign (2, 8) = 2 / (t10.0) (22) G (2, 29)ws(22)

22€Xs

To obtain the desired bound on ¢pin in Theorem 3.4, we estimate Gév (21, 22) using
Cheng-Li’s argument:

Proposition 3.6. There is a uniform constant C' > 0 independent of s € D° such that
Giv(Zl,Zg) Z —C, VARR ) c XS,
for all s € D°.

Proof. Let Hy(z1, 2o, t) be the heat kernel of (X, w;), then we have

(3.3) NOED, (5, 2)Di(s, 20) + HN (21, 20,1) = Hy(21, 20, 1) > 0,

where V (s) = sz ws is the volume of X. Since w is closed, V' (s) = V' is constant.
From the lower bound of higher eigenvalues in Theorem 2.2, we know that there
exists A > 0 such that \g(s) > A for all £ > N. Then

d
d—HN 2,2, 1) Z —Xi(8)e ™MD (s, 2) [P < —AHN (2, 2,1).

By Gronwall’s inequality, we have
HN (2, 2,t) < HY(2,2,1)e Y fort > 1
By the Cauchy-Schwarz inequality, we get
|HY (21, 22, 1) | < VHN (21,21, t) - HN (29, 29, 1)
<V HN(z1,210,1) - HN (29, 25, D)e MY for t > 1.

(3.4)
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To estimate the truncated Green’s function, we note that

— 1
/ H 21,22, dt G (21,22) A‘(S)(I)i(S,Zl)(I)i(S,ZQ).

=N

Then
GN(Zl,ZQ /H 21,22, dt—|—/ H Zl,ZQ,t)dt

/H 21, 20, 8)dt =V HY (21,20, 1) ¢ HSN(Z%ZQ,U/ e M=y
1

N-1
1
:/ (Hy(z1,20,t) — v e NP, (5, 21 ) Dy (s, 2))dt — I

0 =1

(Using Equation (3.3),and I, == \/HN (21, 21,1) - HN (2, 2, 1)/ e =1 gp)
1

T
> /0 (_V a ZZ:; e MNP, (5, 21) Dy (5, 20) ) dt —

(Using the fact that the heat kernel H,(z1, 2,t) > 0)

1 =
2
> o = 2 195, Dl — Lo
=1

1
> _<V+[1 + 1)

Here

N-1
I = Z @i (s, Z)”ioo(x ) = 0
i=1

= \/H;V(zl, 21, 1) - HN (2, 29, 1)/ e MDD dt > 0.
1

It remains to control I, Is by some uniform constants that are independent of s.
We begin with basic results which relate the Sobolev constants to the heat kernel

and eigenfunction bounds.

Theorem 3.7 (Theorem 2.1, [Yos97]). For a manifold (M, g) of real dimension 2, the
following two inequalities are equivalent:

(1) For 0 <t <1 and (z,y) € M x M,
H(z,y,t) < Cyt™?
(2) For every f € C*(M),
[f1lgs < Co(lldfll o + 1F1l2)

Here C and Cy depend continuously on each other.

By classical Moser iteration, we have
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Theorem 3.8 ([Pet16, Theorem 9.2.7]). Let (M, g) be a compact Riemannian manifold,
with the following Sobolev inequality

[ully, < STVully + [lully

where v > 1. Then for Au = —A\u, we have

SV
N ) Nl -

Specifically, if v = 2 in the above Sobolev inequality, and ||ull, = 1, then for Au =

—Au, we have
SV2)\ )
V2 -1

Finally, we introduce the uniform Sobolev inequality for a Kahler family.

[ull o < exp(

[l < exp(

Theorem 3.9 ([Tos10, Lemma 3.2]). Let 7 : (X,w) — D be a Kdhler family, i.e., 7 is
a proper, surjective holomorphic map from a Kdhler manifold (X,w) to the unit disk
D. Suppose that Xy := 7=1(0) is the unique singular fiber.

Assume dime Xs = 1. Then for 0 < |s| < 0.5, we have a uniform Sobolev constant
C for (X,,ws), where ws = wly,:

1,y < CUASl 2 + 1F12) Ve CF(X)

So I; is bounded uniformly by Theorem 3.9 and Theorem 3.8. And I5 is bounded
uniformly by Theorem 3.9 and Theorem 3.7. This completes the proof. U

As a corollary, we can show the first part of Theorem 3.4.
Corollary 3.10. Under the settings and notation of Theorem 3.4, we have

||<Phigh||Loo(Xs) <C ||trwsa||L°°(X5)

for all s # 0. The constant C' only depends on the geometry of the degeneration.
Proof. By Equation (3.2), we have

Phigh(2, 8) = 27r/ (tro, @) (22)GY (2, 29)wq(22)

22€ X5
- / (tr0,0) (22) (G (2, 22) + O (22),
206X

where we take the constant C’ as in Proposition 3.6 such that GY(z, 25) + C’ > 0.
S0

ouign(2,5) < 27 / (b1, (22)] (G (2 22) + C')eon(22)

22€Xs
<om [ ornallege (G m) + i)
206X

— C’V||trwsa||Loo(Xs).

Similarly, we have ppign(z,5) > —C'V [[tro, | = (x,), Where V' is the volume of (X, ws).
To summarize, we have [|uigh | oo,y < C [|tru, @] oo (x,)- O
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3.B. Estimate of the low frequency part (I)

We prove the second part of Theorem 3.4 here.

First, we note that
N-1

Plow = Z Ci(S)(I)i(S7 Z)
i=1
and the ®;(s, z) are uniformly bounded by Theorem 3.9 and Theorem 3.8. So it suffices
to estimate ¢;(s). Recall that ¢; = 27—~ and that the small eigenvalues \;(s) are well-

studied by Dai-Yoshikawa in Theorem 2.1. It remains to determine the asymptotic
properties of

bi(s) = / Oy(s, 2)a

around 0 for all 1 <7 < N.
Our tool is the decomposition of ®; in Theorem 2.10. We recall the results here: For
each 1 <i < N — 1, we have

D,(s,2) = Z Cr(s)YO (s, 2) + Ry(s, 2).

And

e There is a uniform constant C' such that |Cj;(s)] < C for all 1 <1< N and all s.
e The model functions YW (s, z) are discussed in Proposition 2.8.
e The remainder terms R; are discussed in Theorem 2.10.

Then each b; is decomposed into

(3.5) bi(s) —ZCH(S)/X Tgl)oz+/ Ri(s, 2)a.

We have the following lemma

Lemma 3.11. Under the preceding notation. For any smooth (1,1)-form o on X,
1 1
4v

/ T = \/m(/c a+ [lafl, O(ls|*)).

Proof. (of Lemma 3.11) From the construction of T in Proposition 2.8, it follows that

0
[ oan [ Ml

7 Jx, JArea(C))
where €(s) = 2 |s|$.
Since « is a smooth form on X, by Theorem 2.4(4) and Remark 2.5, we have
1
15 o = 00| Lo (x\ Upesing o Bpe(s) < K2 1812
for a uniform constant Ky > 0. So
)

X 1
TWq — 2 <k \/Area(C)) |s|? .
/s * Xo VArea(Cy) | ? (Co)lsl

(3.6)
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o _
Xe(s)

on Cj except on a set of measure O([s |4V) (by Lemma 2.7) , we have

@

Since Xe(s) is compactly supported on Cj, |x is bounded by 2 and it vanishes

(3.7) — [lal.. O(ls|).

e(s (6%
Xo /Area(C)) o \/ Area(C))

Combining Equation (3.6) and Equation (3.7), we obtain

= llello OCs[*).

«

/T(l)a——l /
X, Area(()) Je,

On the other hand, from Theorem 2.10(2), we have

/ s

Putting all these asymptotic results into Equation (3.5), we have
Clz / Clz )
\/Area Cl c \/Area Cl

+ HtrwaHLz (x.) 0(10g*§(|8\*1))

-
= [ltruall 2y, Olog™2(|s| ™))

N N

O(|s|)

N

Cll _1 -1
o+ O(log™2(]s

1
(1) IItrwoallLl(Xo) +O0(log ™2 (|s| 1) [ltracr]l 12, ) -
We then prove the second part of Theorem 3.4.

Proof. (of Theorem 3.4.(2)) For « Whose integral is zero on general fibers, following
Equation (3.8), we have b;(s) = O(log™ (| ) [troal|p2(x,) -
Since Yoy = Zf\gl ci(8)P;(s, z) and ¢; = 27h; /\;, we have
ci(s) = Olog (|| ™)) ltrueall 11 ) + Olog2 (5] ) lltrwall 2. -
Since ®;(s, z) is uniformly bounded for 1 <i < N — 1, we have

~1
||9010w||Loo(Xs) <C Htrwoa”Ll(Xo) log(|s| ™).

3.C. Estimate of the low frequency part (II)

If « additionally satisfies Condition 3.2 on the singular fiber (i.e., a has zero integral
on each irreducible component of the singular fiber), we obtain a better estimate on
its preferred potential (Theorem 3.5). We prove the theorem here.
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Following the same strategy as in Section 3.B, it suffices to estimate each term in
the expansion Equation (3.5) of b;(s):

M@:;;aﬁyéf@a+/fm&@@

The first part is good enough when « has zero integral on each irreducible component
of the singular fiber as proved in Lemma 3.11, and we have

N
S Culs) / 1O = O(Js]#).
=1 X

s

It remains to estimate [, R;(s,z)o under conditions Condition 3.2, which is the
following proposition.

Proposition 3.12. For s # 0, we define R; = log%(|s\_1)Ri. If a is a smooth (1,1)-
form on X with Condition 3.2, we then have

/S Ri(s,z)a /S Ri(s, )

Proof. We prove it by contradiction. Suppose we have a sequence s,, — 0 such that

log%(]srl) —0 ass—0.

szn R;(sn, z)a’ > ¢, for some ¢, > 0.

First, we check that the family of functions R;.(z) = R;(s,z) € C(X,) satisfies the
conditions in Proposition 1.13. We denote ddSR; s(2) by fs.

e For the first condition in Proposition 1.13, we use the decomposition formula for
eigenfunctions ®; in Equation (2.2):

N
Di(s, z) = Z Ciiirn) ()T (s, 2) + Ri(s, 2).
I=1

Around any = € X e, We can take an open neighborhood U of  such that T (s, 2)
is constant on U by Corollary 2.9. Then on U N X, we have

AddSR; o(2) = B = ddS®;(s, 2) = —Xi(8)Dy(s, 2)ws.
S0 [[trw, Bs || poe s = [1Ai(8) L3S, 2) | oo (x,) 18 uniformly bounded in s.
e For the second condition in Proposition 1.13, we note that

HtrwsBSHCO(UmXS) = Ai(s) H(biHCO(UmXS) — 0.

So try, s — 0= foin CI%C on X reg-
e For the third condition in Proposition 1.13, it is proved in Theorem 2.10(3) that
there is a uniform constant C' > 0 such that

C? 1
dR;|? <—— R <C?P—
e = Togqiarmy 1M eea = O hogiar

forall 1 <j7 < N and all s. So

‘ﬁ@% <2

L2 (Xs,ws)

@MM

L2(Xgws) | ‘
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We then apply Proposition 1.13 to the family of functions }A%Ls(z) and sequence
s, — 0, we then have a subsequence si, such that

o R s, (2) converges to Eo(z) in CL% on X e for any 0 < a < 1,
o RO( ) € WP for all 1 < p < oo and it solves —Ay, Ro(2) = fo = 0 a.c. on Xg e,
o Ro(z ) € W”(Xmeg)

°fXS S ky, a_>fx RO )

Smce Ro(z) € Wh?(X,) and it is harmonic on Xy e, it is locally constant and is
constant on each irreducible component of X,. So we have [ Xo Ry(z)ae = 0. Thus the

initial assumption ‘ / X, (sn, a‘ > ¢ for all n and an ¢y > 0 contradicts that

/ ézys;m (2)ae — Ro(z)a = 0.
X

Skn Xo

This completes the proof. 0
As a direct consequence, we can prove Theorem 3.5
Proof. (of Theorem 3.5) Following previous discussion, we have
bi(s) = O(Is| ™) + oflog ™2 (|s| ™).

So ¢;(s) = QWf\%((SS)) = o(log%(]s]_l)) for 1 <i < N — 1. It implies that

10w | oo
%&Xf) —0, ass—0.
log'?(|s]™")

4. ASYMPTOTICS OF ARCHIMEDEAN HEIGHT PAIRING

As an application of previous estimates, we introduce the Archimedean height pairing
for smooth real (1,1)-forms on X. We continue to use the setup from Setup 1, except
in Corollary 4.6, where we allow for general singular fibers of the degeneration.

Definition 4.1 (Archimedean height pairing). Let «, 5 be two smooth real (1,1)-forms
on X with sz o= sz B =0 fors # 0 (Condition 3.1). Let ¢ be the preferred potential
of a. We define the Archimedean height pairing («, ) to be a function on D°

(o, B)(8) ::/X oB, sebh°.

It is smooth on D° since m: X°(:= X \ Xo) — D° is a submersion and ¢ is smooth.

Remark 4.2. We can use any potential for o on X, to define the Archimedean height
pairing. Actually, for any potential —¢’ of a on X,(i.e., dd°¢’ + a = 0 on Xj),
the difference ¢’ — ¢ is constant on X, where ¢ is the preferred potential of a. So

fXS<90I - 90)5 = constant - fxs f =0 and fXS 90//8 = fXS pB = <a> B>(S)
We now state some basic properties of the Archimedean height pairing defined above.

Proposition 4.3. Let a, 5 be two forms as in Definition 4.1. We have
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(1) The Archimedean height pairing is symmetric and bilinear.

(2) The Archimedean height pairing is positive definite, i.e., (a,a) is a non-negative
function on D°, and (o, ) = 0 if and only if o |x,= 0 for s # 0.

Proof.

(1) Since the preferred potentials depend linearly on the differential forms, we have that
the Archimedean height pairing is bilinear. It is symmetric because (a, 8)(s) =

[, p(=dd?¢’) = [y ¢'(=dd°¢) = (B,a)(s), where ¢, " are preferred potentials
for o ﬁ respectlvely
(2) We have ( sz —ddp) = & ||dg0||2L2(XS) > 0. If (o, ) = 0, then the

preferred potentlal @ of a is ﬁberw1se constant, so a|x, = 0 for s # 0.
O

Theorem 4.4 (Continuity of pairing). Let «, 5 be two smooth real (1,1)-forms on X

with Condition 3.1 satisfying
- [ 5mo
Ci Ci

where the C; are the irreducible components of the reduced singular fiber Xo (Condition 3.2).
Then the pairing function (o, 8) € C°(D°) (in Definition 4.1) can be continuously
extended to .

Proof. (of Theorem 4.4) Let ¢,p € C*(X \ Xg) be preferred potentials of a and /8
respectively.

By Lemma 2.3 and shrinking the base, we decompose ¢ into its low frequency part
Vlow € C™(X \ Xo) and high frequency part ppign € C°(X \ Xj). Then

(0, B)(s) = — / (tow + Paign)ddp

S

_ / pdd 1o — / g

Using the asymptotic results from Theorem 3.5, we have p = o(log%(\srl)) and
1 _

©ow = 0(log?(|s|™!)). Since @iy is in the space spanned by eigenfunctions with low
frequency, we have

c _1 —1
270 [|67, Ad“Prow || oo (x,) = [ Ay Prow [l oo (x,) = 0(log™2 (|s] ).

So [ v, PAd 10w = o(1) and it is continuous at 0.

To show that f X, ¢nigh3 can be continuously extended to D, we use Corollary 1.14.
It suffices to check that ¢pigns € C°°(X,) satisfies the conditions in Proposition 1.13.
Note that

ddg@high,s(2> = -0 — ddzcﬂow,s(z)

e For the first condition, we have

Htrwsddg(:phigh@(z)”Loo(Xs) < HtrwsaHLOO(XS) + Htl‘wsddc@10ws||Loo Xs)

= “trwsa”LOO(Xs) + o ||Aw39010w||Loo(Xs)

= 0(1) + o(log™(|s| "))
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S0 ||t ddS@nigh s (2)[| oo (x,) is uniformly bounded in s.
e Since tr,,_ « is continuous on X \ Sing X, and

c 1 -1 -1
Htrwsddzgohigh,s(z) - trwsaHLOO(XS) = % ”Aws(plow,sHLoo(Xs) = O(IOg ? <|S| ))
We have tr,, dd@nighs — try,a in CP. on X0 reg, Which is the second condition.
o Since [[¢nignl| oo (x,) (by Theorem 3.4) and ||tr,, ddS@nighs(2) Lo (x,) are uniformly
bounded, ||@nign[2(x,) and ||denignll 2x,) are also uniformly bounded. So the third

condition is verified.

So we can apply Corollary 1.14 to ¢pigh,s and f X, ¢nign3 1s then continuous at 0.
In summary, (o, 5)(s) can be continuously extended to D. O

For general smooth classes a and 3 satisfying Condition 3.1, we can extend Theorem 4.4.

Theorem 4.5 (Asymptotics of pairing). Let o and 3 be two smooth real (1,1)-forms
whose integrals on general fibers are 0. Then there is a constant c, g such that

(a, B) — Cap log]s\2

extends continuously to ID.

The constant cop is determined in the following way: Let M be the intersection
matriz of irreducible components of the singular fiber Xy, given by M;; = C; - C;. Let
M be the Moore-Penrose pseudoinverse of M. Then ca5 = vL(M™*)vg, where

v:(/ca/a) vﬁ:(015,,..,/0N5)T.

In particular, if either o or [ satisfies the integrability condition on the singular
fiber (Condition 3.2), then c, 3 = 0 because either v, or vg is zero.

Proof. Since the singular fiber is reduced, we have X, = Zfil C;, where C; are the
irreducible components.

We consider the N x N intersection matrix M with entries M;; = C;-C;. By Zariski’s
Lemma (see [BHPVAV04, 111.8.2, p.111]), we have

e The matrix M is negative semi-definite.
e The kernel of M is exactly one-dimensional and is spanned by 1 = (1,1,--- ,1).

Let Vp = {x € RV: Zf\il T = O} be the degree-zero subspace. Then M |y is strictly

negative definite and is invertible. To compute the inverse of M|y, we introduce M™
the Moore-Penrose pseudoinverse of M. Then M™ acts as the inverse of M on V; and
annihilates span(1).

For each C}, the irreducible component of X, we consider the line bundle L; = O(C})
equipped with a Hermitian metric h;. Then we have a closed smooth (1, 1)-form ~; =
—dd“log ||e|]i representing the class [C;], where e is a local frame of the holomorphic
line bundle L;. Let o; be the canonical section of L; which vanishes exactly on C;. Then
the preferred potential for ; on each smooth fiber X is log H@Hi up to a constant.
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We define the following map, which maps onto differential forms representing cohomology
classes spanned by {[C;]}:

Form: RY — {smooth closed (1, 1)-forms with zero integral on the singular fiber}

N
X = (21, ,TN) — Zmi% =: Form(x)
i=1
Furthermore, the preferred potential of Form(x) on X, will be -~ | z;log HO‘2||}21 up
to a constant depending on s # 0.
For smooth (1, 1)-forms «a, f on X such that sz o= sz B = 0 for s # 0, the vectors
of component integrals

Vo = (/Cloz,...,/CNa)T, Vg = ( Clﬁ,...,/CNB)T.

are in V5. We can then decompose «, 8 into

a = Form(M*v,) + (a — Form(M*v,))

N J/
-

=0

B = Form(M*vg) + (8 — Form(M"vg))

N

=50

Note that for each C;,
/ ap = i-th coordinate of (v, — MM*v,)
C;

=0 (va€Vy, so MM*tv, =v,).

Similarly, we have [, 3, = 0 for each C;.
Since the pairing («, ) is bilinear and symmetric, we have

(. B) = {a, Bo) + (a0, Form(Mvg)) + (Form(Mva), fo)
+ (Form(M*v,,), Form(M*vg))

By the previous theorem (Theorem 4.4), (ay, By) can be extended continuously to S.
Since the preferred potential for Form(M*tv,) is S, (M*tv,);log HalHi up to a
constant on X, we have

N
(Form(M*v,), fo) = 3 / (M va)ilog 4], fo
i=1 7 Xs

Using the asymptotics of log-norm integral (Lemma A.1), each [, log||crz»||zi Bo
extends continuously on S. Thus, (Form(M*v,), fy) extends Hélder continuously to
S.

Similarly, (ag, Form(MTvg)) extends Holder continuously to S.

For the last term, we have

N

(Form(M*v,), Form(M+v)) = 37 S (M Fva)i(Mvy); / log [lo2]2. 7.

i=1 ]21 Xs
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By Lemma A.1, [, log loills v — Jo i log|s|” can be extended Hélder continuously
through the origin, so

(Form(M " v,,), Form(M*vg)) —( Z (M+va)i(M+V5)j/ 'yj> log |s|”
1<ij<N ¢

=iCq,B

extends Holder continuously on S. Here c, g can be simplified as

Cap = Z (MFvo)i(MTvg)jMij = (Mtv,)" MM*vg

1<i,j<N
= (M+Va)T1)5

In summary, (o, 8) — co.3log|s|” extends continuously to D. O

We note that the height pairing (o, 8) is well-behaved under semi-stable reduction.
So we can extend the asymptotic result in Theorem 4.5 to the degeneration of algebraic
curves with non-reduced singular fibers.

Corollary 4.6. Let m: X — D be a degeneration of algebraic curves. Assume X
18 smooth, and allow the singular fiber Xy to be non-reduced and non-irreducible. Let
p: Y — D be a semi-stable reduction of (X, Xo) with the following commutative diagram

y 24 X

Pl
D, —I D,
Then f4(t) =t and Yy is a reduced divisor with simple normal crossings. Furthermore,
Y is a Kdhler manifold.
Let o, B be two smooth real (1,1)-forms on X with Condition 3.1. Then p*« and p*g
are two smooth (1,1)-forms on'Y with Condition 3.1. So we can define (o, ) € C*(D?)

and (o, u*B) € C°(D3). These two pairings are related by
(41) <Oé,ﬁ> Ofd = </L*057,u*5>

In particular, there is a constant ca3 € R such that (a, B) — caglog|s|” extends
continuously to D. So {a, B) € L>*(D°) if and only if («, B) € C°(D).

Proof. 1t suffices to prove Equation (4.1).

For 0 # to € D;, we have an isomorphism g, : Yy, — Xy,¢,). Let —¢ be a potential
for o on Xy,¢), i.e., dd°¢@ +a = 0 on Xj,4,). Then —p*¢ is a potential for p*a on Y;,.
So

Wand) = [ wrows= [ o8B,
Yo Xfalto)
Thus (a, 8) o f4 = (u*a, p*5) on DY.

By Theorem 4.5, (u*a, i*8) — Cura e log [t|? is continuous on D;. So we can find
Cap € R depending on ¢, 4¢3 and d such that (o, ) — cq 3log|s|* is continuous on
D;. O
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At the end of this section, we propose a question on the Hélder continuity of the
pairing.

Question 4.7. We consider a degeneration of algebraic curves with reduced singular
fibers as in Setup 1. Let cv, B be two smooth real (1,1)-forms on X satisfying sz- a =
fCi B =0, where C; are irreducible components of the reduced singular fiber Xy. Is the
pairing (o, B) a Hélder continuous function?

If this question is answered positively, we can strengthen the results in Theorem 4.5,
Corollary 4.6, Proposition 5.4 and Corollary 5.5 by replacing the word “continuously”
with “Holder continuously .

5. APPLICATION TO K3 SURFACES WITH PARABOLIC AUTOMORPHISMS

As an application of our previous results, we study the parabolic dynamics of elliptic
K3 surfaces, following [F'T23, Section 3].

Let 7: X — P! = B be a projective elliptic K3 surface. A parabolic automorphism
T of X is an automorphism of X which preserves the fibration m and is of infinite
order. This yields the following commutative diagram:

X T . x

1 A

B =P

In some literature (e.g. [Fil22, 6.2.2]), a parabolic automorphism is also called a twist
automorphism.

Compared to [FT23], we allow possibly non-irreducible and non-reduced singular
fibers of m: X — B in the setup of this section.

We use B° to denote the smooth locus of the fibration 7, and we use s to denote the
local coordinate on B. We use X, == 7~ 1(s).

5.A. Preliminaries

Before delving deeper, we introduce basic notions and lemmas in this part.

Let [E] € NS(X) be the class of a general fiber of 7 in the Néron—Severi group of
X. We consider the group Aut,(X) consisting of automorphisms of X preserving the
elliptic fibration. The following filtration of NS(X) is preserved by Aut,(X):

0C [E] S [E]" € NS(X),

where [E]* is the orthogonal complement of [E] with respect to the intersection form
in NS(X). By the Hodge index theorem, the intersection form on the quotient lattice
L = [E]*/[E)] is strictly negative definite.

Let Isom(L) be the group of automorphisms of the lattice L that preserve the induced
intersection form. Since the induced intersection form is strictly negative-definite,
Isom(L) is a discrete subgroup of the compact orthogonal group O(rank (L)). Thus,
Isom(L) is finite.
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Since Aut,(X) preserves the lattice L equipped with the intersection form, we have
the induced group homomorphism:

p: Aut,(X) — Isom(L).
We define ker(p) = Aut, (X)), which is the subgroup of Aut,(X) whose induced action
on [E]*/[E] is trivial. Because Isom(L) is finite, Aut2(X) is a finite index subgroup of
Aut,(X).
If we work inside H' (X, R), we have a similar construction of Aut?(X).

Lemma 5.1. Let [Elf5,., denote the orthogonal complement of [E] in HY'(X,R). Then
the following filtration is preserved by Aut,(X):

0C [Elr € [Eljns € HYY(X,R).

We define Aut>®V(X) as the subgroup of Aut,(X) that acts trivially on the
quotient space [E)f . /[Elr. Then Autfr’(l’l)(X) is a finite index subgroup of Aut,(X).

Proof. Since the intersection form is non-degenerate, we have the following orthogonal
decomposition
HY' (X, R) = NS(X)g & T (X)g,
where TH1(X)g is the degree (1, 1)-part of the real transcendental classes T'(X)g, and
T(X) is the transcendental lattice of X (see [Huyl6, Chapter 3, Lemma 3.1]).
Note that [E] € NS(X), so it is perpendicular to transcendental classes T (X)g.
Thus, [E}ﬁm has a similar decomposition

[Elips = [Elg & T (X)g,
which descends to the quotient space as:
[Elipa /[Elr = ([E]*/[EDr ® T (X).
Since Aut,(X) preserves the transcendental lattice 7'(X) with its Hodge structure,
the image of the induced group homomorphism:
pr: Aut,(X) — Isom(T(X)gr)

is a finite group by [Huyl6, Chapter 3, Corollary 3.4]. Thus ker(pr) is a finite index
subgroup of Aut,(X).
Since T (X)g C T(X)g, we have

ker(pr) N Aute (X) ¢ Aut>®D(X).

Since ker(pr) and Aut®(X) are finite index subgroups, Aut>V(X) is also a finite
index subgroup of Aut,(X). O

Remark 5.2. Lemma 5.1 also holds for general projective elliptic surfaces. To see
this, it suffices to show that the image of the induced homomorphism pr: Aut,(X) —
Isom(7T'(X)g) is a finite group. This follows from the fact that Aut,(X) preserves the
integral lattice T'(X) along with its Hodge structure, and the intersection form on the
(1,1)-part T (X)g is strictly negative definite. (See also the proof of [Huy16, Chapter
3, Corollary 3.4].)
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Let r be the index of Aut®®V(X) inside Aut,(X). By elementary group theory, we
have T" € Aut>Y(X) for any T € Aut,(X).

Lastly, we introduce a useful formula on cohomology classes, which follows directly
from the definition of Aut>®D(X).

Lemma 5.3. Let v be a real (1,1)-class in the cohomology group H"'(X). Suppose
v-[E] = 0. Then for any T € Aut>Y(X), we have

Tw—v=c(v,T[F],
where c¢(v,T) € R depends linearly on v.

5.B. Current-valued pairing

We recall the construction of current-valued pairing from [FT23, Theorem 3.2.14].
We relate it to the Archimedean height pairing of smooth forms in Definition 4.1.

Let a be a closed smooth real (1,1)-form on X such that sz a =0 for s # 0. Let
v € C*(X°) be the preferred potential of c.

Cohomologically, we have [a] - [E] = 0. Using Lemma 5.3, we obtain

for T € Aut>™Y(X).

Note that [E] can be represented by the smooth form 7*(, where § is a suitable
smooth form on the base B = P!. We can take an f € C°°(X) such that
(5.1) T.o—a=7"F+dd°f.

Then f + T, — ¢ is constant on each X, for s € B°. Therefore, there is a function
uw on B° such that

(5.2) m™u = f+Tip— .

Let w be a Kéhler metric on X normalized such that [w] - [E] = 1. Then u(s) can
be determined by

(53 / (7 = () = / (4T o

We call u the limit potential. We rewrite Equation (5.3) using the Archimedean
height pairing in Definition 4.1:

(5.0 us) = [ 7+ Tep= o= [ funt a2~ D)

The current-valued pairing is defined as ng (T, [a]) = B + dd°u, which is a current
on B. It is smooth on B° since u € C*(B°).

We now generalize Filip—Tosatti’s current-valued pairing by allowing arbitrary singular
fibers of the elliptic fibration 7: X — B.

Proposition 5.4. Let T € Aut>"V(X), where Aut> MV (X) is a finite index subgroup
of Aut,(X) defined in Lemma 5.1. Then the current-valued pairing ng (7, [a]) has a
continuous potential for any closed smooth real (1,1)-form o on X such that sz a=20

for s # 0.
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Proof. We first show that u € L*°(B°) following Tate’s argument in [Tat83] (see also
[FT23, Remark 3.2.14]).
From Equation (5.2), for any integer i > 0, we have

Tim*u = 7*u=T{(f + Tup — ) = T.f + (TT = To)p.
Then for k& > 1 the Birkhoff sum Sy (T, f) = S_5—0 T! f satisfies

Sk(T, f) = kr*u+ ¢ — TFe.

Thus, for s € B° and every k > 1, we have
1 1 2
[u(s)] < £ sup|S(T, )] + 1 sup [ = TEp| < fllioexy + 7 1Moo, -

Fixing s € B® and letting k — oo, we have [u(s)| < || f[| o (x). Therefore, u € L>(B°).
On the other hand, from the relation between the potential u and the Archimedean
height pairing in Equation (5.4), the Archimedean height pairing

(o, (T" = Dw)(s) = uls) = [ fws € L7(B°)

Xs
is bounded.

By Corollary 4.6, («, (T — I)w) can be extended continuously on B because it is
bounded and has no singularity. Using Barlet’s result in Theorem 1.3, the function
s [ X, fws is Holder continuous on B.

In summary, u(s) = (o, (T* — Iw)(s) + [y fws is continuous on B. So nz(T, [])
has a continuous potential. 0]

As a corollary, we have

Corollary 5.5. Let w be a Kdhler metric on X. For any T € Aut®MY(X), the limit

current T .
lim (") = —1'np(T, [Tiw — w)).

n—oo n2 2
has a continuous potential.

(T").w
TL2

We note that the convergence of currents — %W*’I]B(T, [Tww — w]) cannot be in

Cloe (X \ Xo).
In particular, let w be a Ricci flat Kahler metric on the K3 surface X, i.e.,
w? = vol(w)Q A Q,

where Q) is the normalized holomorphic (2,0)-form on X. Then T'w is also Ricci flat.

Therefore, {[T*nw]} provides a counterexample to Tosatti’s question [Tos25, Question

1.5(b). "

Proof. By [FT23, Corollary 3.2.20], we have

). 1
lim ¢ e L (T T — ).

n—oo n2 2

So lim,, ‘TZQ*“’ has continuous potential by Proposition 5.4.
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We now prove that the convergence of currents (T:L# — s np(T, [T\w — w]) is not
a C° (X \ X;) convergence. We proceed by contradiction, assuming that 3= —
57? *ng(T, [Tew — w]) in CP (X \ Xo).

We let £ = Thw — w. Then by elementary computation (see also [FT23, Proposition
3.2.15]), we have

nn—1) ,

M) e (. [€]),

where ¢ is the preferred potential of & and S, (T, ¢) = Z;é T*p is a Birkhoff sum.
Note that 5 (w +n& + @W*UB(T, [€])) converges to 2m*np(T, [€]) in Cf (X \ Xo).

Under our assumption for contradiction, we have

T'w=w+né+dd°(np — S, (T, ¢)) +

1 :
(5.5) ﬁddc(ngo — Su(T,0)) =nsee 0 in CP(X\ Xo).

It suffices to show that Equation (5.5) is impossible. We interpret ¢, the preferred
potential of &€ = T.w — w, as follows: Since 7 is an elliptic fibration, each smooth fiber
X is isomorphic to a torus C/A,, and T acts on X by translations. Let wpas be the
normalized flat metric on X,. There exists p, € C°(X}) such that

What,s — Ws = ddcps-

Applying T to this equation, we obtain wgay s — Tiws = dd°T}ps, since wpag s is invariant
under translation 7. Then we have

¢ |x.= Thws —ws = —dd(Tips — ps)-

Thus, the preferred potential ¢ of £ is equal to T,ps — ps up to a constant on Xj.

By Ehresmann’s theorem and solving equations on the region where the fibration is

locally trivial, there exists p € C*°(X \ Xp) such that p |x,= ps on the smooth fibers

Xs. Furthermore, ¢ = T.p — p + ¢(s), where ¢(s) is a smooth function on B°.
Substituting ¢ by Tip — p + ¢(s) in Equation (5.5), we have

1 )
—dd*((Tep = p) = (T2 = p)) Znsec 0 0 G (X \ Xo).
By smoothness of p on X \ Xy, the above convergence is equivalent to
1
(5.6) —dd(T7p) = nsoe 0 in O (X \ Xo).
n

We will show that Equation (5.6) is impossible.

On a small open set U C B° not containing any singular points, we can trivialize
the fibration 7 as U x C/A — U. Moreover, we can lift the U x C/A to its universal
covering U x C, and the fiber-preserving automorphism 7" can also be lifted, yielding
the following commutative diagram:

7 U XC<1(US):>
lw
U

s


https://orcid.org/0009-0003-6875-3981

HEIGHT PAIRING FOR DIFFERENTIAL FORMS 39

We can then express the action of 7' on the covering space U; x C, as T(s,z) =
(s,z+T(s)), where T: Uy — C is a holomorphic function. Following the argument in
[Can01, Proposition 2.2] (see also [Fil22, Proposition 6.2.7], [CD23a, Lemma 3.7]), the
function 7' is non-constant.

Lifting the convergence in Equation (5.6) to the covering space, we find it is equivalent
to

1 ~
(5.7) ﬁddc(Tfﬁ) —nosee 0 in CF (U, x C.,),

for all small open neighborhoods of points in B° and its corresponding covering, where
p is the lift of p to the covering.
Note that T'p = p(s,z — nT'(s)). By the holomorphic chain rule, we have

0:0:(TI'P)(s,2) = 0:04((s, 2 — nT(s)))
= 0,((95p) (5,2 = nT(s)) = ndT(9.p)(s, 2 — nT(s))) (I, T(s)=0)
= (0,0.p) (5,2 — nT(5)) — n(9,T(5))(0.05p) (s, 2 — nT(s))
—nd,1(8,0.p) (s, 2 — nT(s)) + n? |0,T|* (8.9.p) (s, z — nT(s))
Then Equation (5.7) implies that
10,717 (0.0.9) (5,2 — nT(5)) = nsee 0 in CL (U, x C,)

for all small open sets in B°.
Since T' is non-constant and holomorphic, we have |85T]2 > 0 except for at most
finitely many s € U,. Therefore, there exists a finite set ¥ C U, such that

(0.0.9)(8,2 —nT(8)) —nsee 0 in CL((Us\ ) x C,).

Since p is periodic in z, it implies that 0.0.p(s,z) = 0 for s € U, \ ¥. By smoothness
of p, we have 0,0,p(s, z) = 0 for s € S°. Consequently, dd°p, = 0 on X, for s € S°.
By definition of p, we have

What,s — Ws = ddcps = 0.

Thus, whats = ws for s € S°.

To get a contradiction, we compute the Gauss curvature of wgais and w on smooth
fibers X, and study them when X is approaching a singular fiber.

By definition, the Gauss curvature K., . = 0. On the other hand, by [DY25, Lemma
10.1], the minimum of K, goes to —oo as s — 0. This leads to a contradiction,
concluding the proof that the convergence is not in CP (X \ Xp).

O

APPENDIX A. ASYMPTOTICS OF A FIBER INTEGRAL

We prove a lemma on the asymptotics of the fiber integral of the log-norm of
the canonical section of a divisor. This result also appears in other works (e.g.,
[Yos06, Section 4]); however, we provide a proof here in our setting for convenience
and completeness.
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Lemma A.1. Let w7: X — D be a degeneration of algebraic curves. Assume X is
smooth and we allow a general singular fiber Xo here. Let C' be one of the irreducible
components of Xo and L = O(C') the corresponding line bundle with Hermitian metric
h.

Let o be the canonical section of L which vanishes exactly on C. Then, for any
smooth (1,1)-form o on X, there exists a constant ¢ € Q¢ such that

[ oslolia~ ([ a)toslsf
X C

extends Holder continuously through the origin.

Proof. We consider a semi-stable reduction for the family 7: (X, Xy) — (D, {0}) given
by the following commutative diagram:

Y 25 X xpD, 225 X

S
D, — 5 D,

Here, f(t) = t? = s is a base change of degree d, and y is a resolution of singularities
such that Y is a smooth complex surface. The singular fiber Yy = p~1(X)) is a reduced
divisor with simple normal crossings. Let p = pry o p.

Let m be the multiplicity of C' in X,. Since p* Xy, = dY, and Y is reduced, the
strict transform C' of C appears in Yy with multiplicity 1. Thus, the pullback of C' as
a Cartier divisor is

d ~
wC=—C+ i E
K m zk: kLK
where E} are exceptional divisors.

This induces a decomposition of the log-norm on Y

(A1) log |fi*o

d
é*h = Elog Haénié + ;yk log HaEkHiEk +u

where op denotes the canonical section of a component D C Yj, and u is a smooth
function on Y.

For ¢t # 0, the map fi;: Y; = X, is an isomorphism. Pulling the integral back to the
semi-stable model Y;, we obtain:

/ 1og\|ay|§a:/ log |[ji*o
Xs Y:

Substituting our decomposition Equation (A.1), this splits into:

d 2 2~ ~ 2
w2 o f og el 7o+ 3o [ toxllon i, ot [ ia= [ toglala

X

2 ~x%
ﬁ*h /,l/ Oé
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Since Y has strictly simple normal crossings, we apply Lemma A.2 to the first two
terms of Equation (A.2), which yield:

2 .
[ oelloclly, wa = ( [ia) osif + mao
Yz ¢ c
=m (/ a) log |t|* + Ry (t)
c
/ log ”O_Ek”iEk o= (/ ﬁ*a) log [t|* + Ry (1),
Y: Ey,
= (/ a> log [t|* + Ra(t)
Fox [Eg]

== RZ,k(t)a

where Ry (t), Ry (t) are Holder continuous around 0.

Since u is smooth, by Barlet’s result (Theorem 1.3), the third term (of Equation (A.2))
fYt up*a =: R3(t), is Holder continuous around 0. Substituting the previous computations
into Equation (A.2), we have

[ toglola=a( [ a)oel+ 2 e O+ 3 sl il
XS C

(& J/

Holder continuous

Finally, we translate back to the original base parameter s. Since s = t¢, we have
2 1 2
log [t|” = 5 log|s|”. Therefore,

[ oelola = ( [ @) toglsf + o)
X C

and R(s) is Holder continuous.

We conclude that:
2 2
/ log ||o ||, o — (/ a) log |s|
X, C

extends Holder continuously through the origin. ([l

Lemma A.2. Let w: Y — D be a proper holomorphic map from a smooth complex
surface to the unit disk. Assume the singular fiber Yo = 7w=1(0) is a reduced divisor
with strictly simple normal crossings. Let D be an irreducible component of Yy, op be
its canonical section, and h be a smooth Hermitian metric on O(D). For any smooth
(1,1)-form w on Y, the function

t— | log ||0D||,2L w— (/ w) log [t|”
Y, D

extends Holder continuously to t = 0.

Proof. Fix a finite open cover {U;} of Yy in ) by coordinate polydisks U; = D? such
that on each Uj, 7 is given either by ¢t = 2; (smooth points of Yp) or t = 2,2, (nodes of
Yy). Let {p;} be a smooth partition of unity subordinate to {U;}.



42 JUNYU CAO

On each U;, we decompose the metric as log [|op||; = log | fp|*+u;, where fr, € O(U;)
defines D N U; and u; is a smooth function. By Barlet’s theorem on fiber integral
(Theorem 1.3), t — fYt A, it extends Holder continuously to ¢ = 0. We analyze the
singular integral [;(t) = meUj pjlog |fp|*> w case by case:

Case 1: U;ND = (. Here, fp is a non-vanishing holomorphic function on U;. Thus

log | fp|” is smooth, and I;(t) is smooth around ¢ = 0. In this case,

I;(t) = (/DmU ij) log [t]* + I;(t).

Case 2: U; intersects D outside the nodes. Here, m = z; and fp = z;. Thus

I;(t) = log ]t|2meU' pjw. Since m on U; is a submersion, by Ehresmann’s theorem
th Yy

and Taylor expansion, we have fyth]- pjw = f{zlzt}ﬂUj pjw = f{21:0}mU]_ pjw + O(|t]) =

Joew, piw + O(|t]). Multiplying by log It]>, we obtain

I;(t) = (/DQUV ij> log [t|* + R;(t),

where R;(t) = O(|t|log |t|) is Holder continuous around t = 0.

Case 3: U, contains a node D N D'. Here, the map is given by m = z;2,, with D
defined by z; = 0 and D’ defined by 2, = 0. Thus fp = 2;. The fiber ¥; N U, is the
restricted annulus {(z1, 22) € U; | 2122 = t}.

Let 7 = p;w. Since 7 is a smooth form with compact support in U; = D?  we can
write it globally on the chart as n = %Z;l:l Neidzr N dz;. We want to evaluate the

asymptotic behavior of
2
Lo = [ toglaf
KgﬂUj

We partition the domain of integration on the annulus Y; N U; into two regions:
V() = {2 < [z1] < 1} and Va(t) = {[t/'* < || < 1}.

On Vi(t), we use 21 as the coordinate. Substituting zp = t/2; and dzy = —(t/2%)dz,
the restriction of 7 is:

i t it \ i
Ny, = | 1 — 2= — Mot + a7 §d21 N dz,
21 2] |21

where the smooth coefficients 7,; are evaluated at (z1,t/z1). By the smoothness of 7,
we can Taylor expand the leading coefficient as n,1(z1,t/21) = m1(21,0) + O(|t| / |21])-

Integrating the cross-term and higher-order errors against log |z1|* over Vi (t) yields
bounded remainders. For example, passing to polar coordinates r = |z1]:

1 1 1
[ oert-o (5 )rar=o (1 [ FEar) — ofoe? i)
i1/2 r oz

Similar bounds hold for the O(|t|* /r*) and O(|t| /r) terms. Thus, the integral over
Vi(t) is tightly dominated by the leading term:

{ _
/ log ’21|2?7’Y;5 = / log |21’2771T<217 0)=dz A dz; + O(|t| log” 1))
Vi(e) [11/2< ] <1 2
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Extending the domain of this integral to the full local component D' N U; (where
2o = 0) introduces an error bounded by the integral over the missing inner disk {|z1] <

1/2
|t\1/2}. This hole has a volume integral of fom logr|rdr = O([t[log |¢[). Hence:

@Aﬂzélg%uﬁmn+mwmﬁm»
/m]

S/

Vv
constant

On V,(t), we switch to the coordinate z,. Here, the log-norm splits exactly as
log |Z1‘2 = log |t|2 — log |Z2|2‘
Similarly, the restriction of n in the 25 coordinate is:
t 3 1t \
My, = | m2 —Ma—3 — Marzz T 177 §d22 N dzy
&) %9 | 22]
with coefficients evaluated at (t/z2, 23).

The term involving — log |z|* behaves exactly like the V;i(¢) integral, yielding a
constant relative to ¢ minus a remainder:

—/ mmm%mz—/ log |2/ 5| » +O(|t] log? |¢])
V2 (t) DOU]'

(.

Vo
constant

For the log |t|* term, we must integrate the volume-like form 5]y, over V3(t). Applying
the exact same Taylor expansion and error bounds, the dominant term is 7435(0, 25).

We have:
i ! t]
/ nly, = / N93(0, 20) =dzo A dZo +/ O |rdr
Va(t) 112 < 2] <1 2 1t[1/2 r

The error integral evaluates to O(|t||log |t||). The difference between the main integral
and the full integral over DN U, is the missing disk {|z3] < It|"/?}, which adds a simple

O(|t]) error. Thus:
/ mnz/ 1o + O/t log |1)
V2 (t) DﬂUj

Multiplying this volume result by log |¢|* gives <fDﬂU- pjw) log |t|* 4+ O(|t| log? |t]).

Combining both regions for the entire chart U;, we have

I;(t) = </DQU4 /)jw> log [t|* + R(t),

where Ej (t) = constant+O(|t|log® |t|) is Holder continuous for any exponent 0 < o < 1
around ¢ = 0. O
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