ASYMPTOTICS OF SMALL EIGENVALUES ON DEGENERATIONS
OF KAHLER MANIFOLDS

JUNYU CAO

ABSTRACT. We derive the exact asymptotic rates of the small eigenvalues of the La-
placian on one-parameter degenerations of compact Kéhler manifolds equipped with
induced background metrics. This generalizes a recent result of Dai and Yoshikawa
to higher dimensions. To achieve this, we combine Li’s uniform Skoda inequality with
the method of auxiliary Monge-Ampere equations, introduced by Guo—Phong—Song—
Sturm—Tong and adapted by Guedj—T6. As an application, we establish estimates
for degenerations of compact Kahler manifolds with reducible singular fibers.
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INTRODUCTION

Let m: X — S ~ D be a proper surjective holomorphic map from a complex manifold
X to a Riemann surface biholomorphic to the unit disk. We assume that 7 has
connected fibers of complex dimension n, that Xy := 771(0) is the unique singular
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fiber, and that X is equipped with a Kéahler metric wy. We refer to this datum as a
one-parameter degeneration of compact Kéahler manifolds, or Kahler degeneration for
short.
In this paper, we study the asymptotics of the small eigenvalues of the Laplacian on
the smooth fibers (771(s) = X, wx
In [Yos97], Yoshikawa proved that the spectrum of the Laplacian on (X, ws) varies

x,=: ws) for s # 0 near the singular fiber.

continuously and converges, after a suitable base change and normalization, to the
spectrum of the limiting central fiber as s — 0. Precisely, write X, = Y mqDq as
the sum of its irreducible components (Dg)1<a<a, and let m = [], m,. Consider the
following commutative diagram,

FIX ‘s FlX = XXDIDt—>X

S SO

where F71X is the base-change of the degeneration and ¢: F1X — F'X is the
normalization of F~'X. We define Z = IT1"!(0), which is a reduced divisor. Then
Yoshikawa’s continuity theorem takes the following form.

Theorem 0.1 ([Yos97, Main theorem|). As s — 0, the spectrum of the Laplacian
of (Xs,ws) converges to the spectrum of the Laplacian of (Zieg,gz), where gz is the
restriction of the background metric *F*wx. We remark that F o1 is an immersion
on the smooth part of Z, so 1" F*wx is a well-defined metric on Zeg.

Although [Yos97] is stated for projective degenerations, the same argument applies
to Kahler degenerations once one uses a uniform Sobolev inequality for Kahler families;
see [Tos10, Lemma 3.2].

Let Ny = #Irr(Z) be the number of irreducible components of Z. This is the
spectral count that controls the small eigenvalues. Because Z,,, has Nz connected
components of finite volume, there are exactly Nz zero eigenvalues in the spectrum of
the Laplacian of (Zyeg, 9z). On the other hand, for s # 0, the fiber X is connected, so
the Laplacian of (X, ws) has exactly one zero eigenvalue, denoted by Ao(s) = 0. Let

0= Xo(s) <A1(s) < Aa(s) <--- < Any(s)

be the first Ny + 1 eigenvalues of the Laplacian of (X, w,). By Yoshikawa’s continuity
theorem (Theorem 0.1), exactly N, eigenvalues of X, must converge to 0 as s — 0.
Therefore, we have

A1), s Any—1(s) =0, Any(s) = Az ass— 0,

where Ay 7 > 0 is the first strictly positive eigenvalue of (Zeq, 92)-

We call A\i(s), -+, An,-1(s) the small eigenvalues of the Laplacian on (Xj,w;).
Thus small eigenvalues exist if and only if Ny > 2. When X is reduced, we have
Z = Xg, so Nz is the number of irreducible components of Xy. In particular, if
Supp(Xp) is reducible, then small eigenvalues occur.

Our first main result gives a logarithmic lower bound for the first positive eigenvalue.
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Theorem 0.2 (=Theorem 1.13). Let A1 (s) > 0 denote the first eigenvalue of the Lapla-
cian on (X, ws) for s # 0. Then, there exists a uniform constant C' > 0, independent
of s, such that

Cllog™" [s| < Mi(s)
for 0 < |s| < 1.

When Nz > 2, so that Ai(s) is a small eigenvalue, this [log™" |s|| lower bound is
optimal.

Theorem 0.3 (=Theorem 2.3). Suppose that N; > 2. Then, there exists a uniform
constant C' > 0 such that

A(s) < < Ayyoa(s) < ‘log_1 |SH
for 0 < |s| < 1.

Combining Theorem 0.2 and Theorem 0.3 yields a complete characterization of the
asymptotic behavior of all small eigenvalues.

Theorem 0.4 (Main theorem). Suppose a small eigenvalue exists, i.e., Ny > 2. Then
there exist constants Cy, Co > 0 such that for all 0 < |s| < 3,

Cy Plog™H [s]| < M(s) < -+ < Awyma(s) < Gy

logf1 |s|‘

Remark 0.5. By continuity and strict positivity of the eigenvalues away from the
singular fiber, the domain of validity can be naturally extended from 0 < |s| < 1 to
0<|s| <3

Remark 0.6. The main theorem generalizes the central result of Dai and Yoshikawa
[DY25, Theorem 0.2] for degenerations of Riemann surfaces, where the singular fiber
Xy is assumed to be reduced. In contrast, Theorem 0.4 allows non-reduced and more
general singular fibers, thereby resolving a question raised in [DY25, Problem 9.1].

Remark 0.7. In [Gro92|, Gromov established a polynomial spectral gap, Ai(s) >
c|s|®, for degenerations of semi-algebraic submanifolds of the standard sphere SV—1.
Our logarithmic rate !logf1 \s|| is sharper than such a polynomial bound. Moreover,
Theorem 0.4 shows that this logarithmic rate is optimal whenever small eigenvalues

exist.

We briefly sketch the proof of Theorem 0.4. For the upper bound in Theorem 0.3,
we adapt the test-function construction of Dai and Yoshikawa [DY25, Section 6] and
extend it to higher dimensions in Section 2. The key point is that we carry out the
relevant estimates directly on a semistable model of the degeneration, which allows us
to remove the reducedness assumption imposed in [DY25].

The lower bound in Theorem 0.2 is subtler. As observed in [DY25, Appendix],
the curvature of (X, w,) blows up as s — 0, so classical Riemannian eigenvalue
estimates based on uniform lower curvature bounds are not available in our setting. We
therefore take a purely complex-analytic route. More precisely, our method combines
Li’s uniform Skoda inequality for plurisubharmonic functions [Li24] with the method
of auxiliary Monge-Ampere equations for estimating Green’s functions [GPS24, GT25].



4 JUNYU CAO

By contrast, Dai and Yoshikawa used analytic torsion [BB90] to bypass the curvature
blow-up, but that argument is specific to degenerations of Riemann surfaces. This is
why a new complex-analytic approach is needed in higher dimensions.

This article is organized as follows. In Section 1 and Section 2, we establish the lower
and upper bounds following the strategy outlined above. In Section 3.A, we derive
estimates for degenerating families of plurisubharmonic functions and for solutions to
Poisson equations, valid for general singular fibers. In Section 3.B, we present examples
of the small eigenvalue phenomenon for degenerating families equipped with Kahler—
Einstein metrics. Finally, in Section 3.C, we propose a conjectural non-Archimedean
interpretation of this behavior.

Notation and conventions

On a complex manifold X, we define d° = g(é —9), so dd® = /—100.
On a Kahler manifold (X", w) with w = /=1 g;zdz; A dZ), we use the positive

definite analyst’s Laplacian A, f = — > :QJE%. Under our normalization of dd¢, we
have
c n—1
— A, f =tr,(dd°f) = M“)
wn
= d de n—1
|df2 = try(df Adof) = ndf A f/\w |

for every smooth function f.

For a closed smooth differential form « on a compact differential manifold, we use
[a] to denote its de Rham cohomology class.

We use D == {z € C: |z| < 1} to denote the unit disk in the complex plane, and
D° := D\ {0} the punctured unit disk. For a positive number r > 0, we also define
D, :={z€C: |z|] <r}and D; =D, \ {0}

We use the following asymptotic analysis notation. Let (X, d) be a metric space,
fix a point sp € X, and let f and g be functions taking values in a partially ordered
R-vector space. Assuming f and g are defined on a punctured neighborhood of sqy, we
say that:

e f=0(g) (or f < g)ass — s if there exists a constant C' > 0, independent of s,
such that f < Cg on a sufficiently small punctured neighborhood of sg.

o f=0(g) (or f <g)ass— soif both f=0(g) and g = O(f). Equivalently, this
holds if there exist constants 0 < C; < (5 such that Chg < f < Cyg on a sufficiently
small punctured neighborhood of s.

Throughout this paper, we use the fact that every 1-parameter Kéhler degeneration
admits a semistable reduction after a proper base change; we refer to [KKMSD73] for
this result. Note that any semistable reduction of a Kahler degeneration is a Kahler
manifold.

Acknowledgements. The author thanks his advisor Valentino Tosatti for helpful
discussions, suggestions on early drafts, and his constant support. The author also
thanks Xianzhe Dai, Mikhail Gromov, Mattias Jonsson, Duc-Bao Nguyen, Duc-Viet
Vu, and Junsheng Zhang for helpful discussions. He is grateful to Sébastien Boucksom,
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1. LOWER BOUND

In this section, we prove the lower bound of small eigenvalues in Theorem 0.2.
We prove it using rescaled uniform Skoda estimates in Section 1.A together with the
method of auxiliary Monge-Ampere equations in Section 1.B. Finally, the lower bound
is proved in Section 1.C.

1.A. A rescaled uniform Skoda estimate

In this section, we prove the following rescaled uniform Skoda inequality.

Proposition 1.1. Let w: (X,wy) — D, be a degeneration of Kdihler manifolds of
complex dimension n. Assume Xq is the unique singular fiber (we allow Xy to be a
general singular fiber).

Let 8 be a closed semi-positive form on X. Assume that the restriction fs = Blx,
is Kdahler for s # 0, and denote its volume by Vg, = sz pr. Let dVg, = 7/V;s, be the
normalized volume form on X for s # 0.

Consider the rescaled relative Kahler form Es = “gﬁ on X \ Xo. Then the following
Skoda-type estimate holds: there exist constants a,C' > 0 independent of s, such that

for all 0 < |s| < 1 and for any ¢ € PSH(X,, ;) with supy, ¢ =0, we have

/ exp(—ap)dVs, < C.

s

Remark 1.2. In [Li24, Theorem 1.3], Li proved a similar rescaled Skoda estimate for
normalized Calabi-Yau measures. Although the volume forms dVj, differ significantly
from the Calabi-Yau measures near the singular fiber, the underlying proof strategies
are analogous.

Before proceeding with the proof of Proposition 1.1, we establish the following
reductions.

¢ Reduction to the semistable case: We can assume that the degeneration 7: X —
D, is semistable (i.e., the central fiber Xj is a reduced, simple normal crossing
divisor).
Proof of Reduction. By performing a semistable reduction after a suitable base change
of m: X — D, we obtain the following commutative diagram:

y 25 X
lp lﬂ' ) fd(t) = td‘
D, s D,
Here, the central fiber Yj is a reduced snc divisor in Y. Let g = p*3. The pullback

B’ is a closed semi-positive form on Y and restricts to a relative Kéhler form on
Y\ Y, — Dg.
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Given any ¢ € PSH(XS,B;) with supy_ ¢ = 0, its pullback satisfies d(u*y) €
PSH(Y;, 3;), where f3; = i ’g 777 is the rescaled form on Y’ \ Yp. Assuming the estimate
holds in the semistable setting (applied to (Y, 3") and d(u*p)), there exist uniform

constants «, C' > 0 such that

/ exp(—(ad)p*p)dVg < C.
Yi

Since the normalized volume forms satisfy dVs = p*dVj,, it immediately follows
that

| expl—(adip)vs, = | esp(—adire)avi < C,

which validates the reduction. O

Reduction to a globally Kahler form: We can assume that § is a Kéahler form
on the total space X, rather than merely a semi-positive form.

Proof of Reduction. Suppose the result holds for any globally Kéahler form v on X.
Let 8 be a closed semi-positive form on X. Since 7: X — DDy is proper and 7 is
strictly positive, there exists a constant C\y > 0 such that 0 < g < Cyy restricted to
a smaller disk, say X|p,,.

Consequently, on each fiber X, with |s| < %, the volume forms satisfy:

dVs, < V%Ogdv = C1dV,,,
Vs
where C; > 0 depends only on Cj and the cohomology classes of 5 and 7.
Furthermore, if ¢ € PSH(X ), then ¢ € PSH( 5,%), which implies
& € PSH(X., mgfay)-
Applylng our assumption for the Kéhler form + to the function Z (Whlch satisfies
supy, Co = 0), there exist constants o, C' > 0 independent of s such that for 0 <

|s| < 1,
/Sexp( C()) dv,, <C.

Using the volume bound dVj3, < C1dV,,, we deduce:

/ exp (—C%go) dVp, < C-Ch.

By setting o/ = «a/Cy and ¢ = C - C1, we recover the Skoda estimate for the
semi-positive form f. O

S

s Ilog\ I

Consequently, to establish Proposition 1.1, it suffices to prove the following simplified

proposition.

Proposition 1.3. Let m: Y — Dy be a degeneration of compact Kdahler manifolds of
complex dimension n. Assume the central fiber Yy is the unique singular fiber and
that it is a reduced simple normal crossing (snc) divisor; that is, the degeneration is

semistable.

Let v be a Kdhler form on the total space Y, and denote its restriction to the fiber
Vs by vs = |y,. Fors#0, letV,, = fys v be the volume of the fiber. Since the fibers
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are cohomologous, V., =V is a uniform constant. Define the normalized volume form
AV, =7/ Vi,

Consider the rescaled Kahler forms ~s = |10“;5|5H on the fibers Vs for s # 0. Then the
following Skoda-type estimate holds: there exist constants a, C' > 0 independent of s,

such that for all 0 < |s| < 1 and for any ¢ € PSH(Y,7s) with supy,_¢ = 0, we have

| exo(-apar, <c

s

We prove the proposition following the local setup of [Li24, Section 2]. Let E; (i € I)
be the irreducible components of the reduced simple normal crossing divisor ), and
let d, be the distance induced by the ambient Kéhler metric .

For each subset J C I such that E; :=)
stratum of Y in [Li24, Section 2],

E9 = {y €s: d'y(y:EJ) S 6}\ U {y € Vs: d'y(%EJ/) 5 6}'

J2J

ey Ei # 0, Li considers the corresponding

Thus EY may be regarded as an e-tubular neighborhood of E; in ), with the deeper
strata removed. After shrinking the base and choosing € > 0 sufficiently small, these
regions cover Y, for all 0 < |s| < 1. We remark that all parameters defining EY (e.g.,
e and constants in <) are independent of s.

Fix such a subset J, and write p = |J| — 1. After reindexing the components in J,
we may assume J = {0,1,...,p}. Around any point of E; \ |J,~; Ej, semistability
gives an Fj-adapted coordinate chart {z;}I" such that z; is a local defining function
of F; for 0 < j <p, and

S= 20" 2p.

In such a chart,
=0
Restricting to Vs, and using that V. =V is independent of s, we obtain locally

dv%xi I[ V-1dzndz /\(ﬁ \/—_1dzk/\dzk>.
k

j=0 \ 0<i<p =p+1

i#]

Following [Li24, Lemma 2.6], we introduce log scales on EY. Fix an F;-adapted chart
intersecting EY with C*-coordinates z1,..., 2, and C-coordinates z,1,...,z,. For a
point ¢ on this chart, we refer to the subregion

1

(5@ S lail S 2]z:(0)] 1 <0 < p}

as a log scale.
On each log scale we use the log measure

P n
dViog = (H V—1dlog 2 Adlogz) A ( IT v-1dz /\dzk) .
=1

k=p+1
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We now compare dV,, and dij,e. Since s = z- - - 2,, on ), we have
0 =dlogs =dlogzy + -+ dlog z,.
Hence, for every 0 < j < p,

p
[[v-1dlogz Adlogz = H dzz/\dzz
=1 0<7zé<p

i#]

Therefore,

p

(1.1) dv;, < Z H |2 | dvrog = | <Z|ZJ’ >dV10g'

i=0 | 0<i<p
i#]
With these preliminaries in place, the proposition follows by combining Li’s local
Skoda estimate on each log scale ([Li24, Corollary 2.8]) with a bounded-overlap covering
argument in [Li24, Theorem 2.9].

Proof of Proposition 1.3. We choose the charts so that each point on ) is covered
by at most K log scales, where K is a uniform constant independent of s (see [Li24,
Theorem 2.9]).

By the local Skoda estimate in [Li24, Corollary 2.8|, there exist uniform constants
a, A > 0 such that on each log scale, we have

(1.2) / exp(—ap)dyjeg < A/ dViog.
loc

loc

On each log scale, define the weight function

dv.
W(z) = —2=.
(2) Wy
From Equation (1.1),
p
d‘/% = Z H |zz|2 dVlog:
=0 | iz
0<i<p
W (2)

we obtain W (z) < 3%, <Hi¢j,0§i§p ]21\2) = |s|” > o |2;]7%. (Here, =< denotes uniform
equivalence independent of s).
By definition of log scales, we have

maxjoe |2

1<

|§4, 1<i<np.

miny |2;
Since |z| = mpii—, it follows that
JJEN

1§M<4p

minyee |20| ™
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Thus, for the weight function on each log scale, we have

maXijee W(Z) < ?ZO(minloc |zj |)_2

= minge W(2) ~ Y28 (maxiee |25) 2

(1.3) < 4% <47

(We use < to indicate a uniform upper bound independent of s).
Therefore, we deduce a new local Skoda estimate with respect to the measure dV,:

/ exp(—ay)dV,, SnllaXW(z)/ exp(—ap)dvieg
loc oc¢

<A (maXW(z)) /10c dree  (Using eq. (1.2))

loc

-4 (W) [ 3

maxje. W(z) /
<A————= [ d
~ minge W(2) Yo

< 42”/1/ dV,, (Using eq. (1.3))
loc

< A’/1 v,

where A’ is another uniform constant.
Summing over the local Skoda estimates from all log scales, fys exp(—ap)dV,, is
bounded by

Ay /1 av,, < A'K ; AV, = A'K = C.

log scale

O

Remark 1.4. Although [Li24, Section 2] is written in the projective Calabi-Yau
setting, we only use the local part of Li’s argument, namely the log-scale L' estimate
and the resulting local Skoda estimate. These arguments are carried out in semistable
coordinates s = zj - - - 2p, after adding a bounded local potential for the rescaled back-
ground form so that the functions become genuinely plurisubharmonic. They use the
uniform equivalence of the ambient Kahler metric with the Euclidean metric in these
charts, compactness of the central fiber to choose finitely many charts and uniformly
bounded log-scale covers, and integration by parts on the smooth compact fibers. No
projective embedding, polarization, or Calabi—Yau volume form is used in these local
estimates. Therefore [Li24, Lemma 2.6 and Corollary 2.8] apply verbatim in the present
semistable compact Kahler setting. The passage from Li’s log measure dvjg to dV is
exactly the bounded-ratio comparison of the weight W = dV,_/die, on each log scale
proved above.

1.B. Method of auxiliary Monge-Ampere equations

In this subsection, we review the method of auxiliary Monge-Ampere equations
introduced by Chen—Cheng [CC21] and Guo—Phong-Tong, and further developed by
Guo—Phong—Song—Sturm in a recent series of papers [GPT23, GPS24, GPSS24a, GPSS23].
This method is highly effective for estimating Green functions on Kahler manifolds.



10 JUNYU CAO

The core idea is to construct auxiliary complex Monge-Ampere equations that satisfy
a priori bounds, such as the uniform L*>-estimate in Theorem 1.8, and whose solutions
can be used to bound solutions of the corresponding Poisson equations; see Lemma 1.9.
For a broader discussion of this technique and its other applications, we refer the reader
to the survey [GP22].

Our exposition closely follows the framework of Guedj—T6 [GT25], which adapts
naturally to our setting. Throughout this subsection, we work under the following
assumptions.

Setup 1. Let m: X — D, be a proper, surjective holomorphic map with connected
fibers, where X := 771(0) is the unique singular fiber. Assume that X is equipped with
a Kahler form, and that each regular fiber X, := 7 !(s), for s # 0, is an n-dimensional
complex manifold.

Compared with Setting 1.5 in [GT25], we drop the assumption that Xy is irreducible,
thus allowing an arbitrary singular central fiber.
In this subsection, we fix a semi-positive form 5 on X, set 3, := (|x,, and assume

that Vg, = [ x. B is uniformly bounded away from 0 and oo. Let dVp, := 5: be the

normalized volume form on Xj.

Following [GT25, Definition 1.6], we introduce the following class. We fix a positive
§ € (0,1]. Here a relative Kahler form on 7—!(IDs) \ X means a smooth real (1, 1)-form
whose restriction to each fiber X;, s € Df, is a Kahler form.

Definition 1.5. Fizp > 1 and B,C,a > 0,6 € (0,1). Welet Kskoaa((X, 5),p, B,C, a, J)
denote the set of all relative Kdhler forms 6 on 7= '(Ds) \ Xo such that:

(1) For every s € DY, the restriction 05 == 0|x, satisfies the LP-condition on its volume

density, namely

0
| mavi<B - nav,
Xs

s 98

where Vy, = [ 0.
(2) For every s € D§ and every ¢, € PSH(Xj,0,) with supy_¢s = 0, we have the
uniform Skoda estimate

/ exp(—ap,)dVs, < C.

S

As a consequence of the rescaled Skoda estimate in Proposition 1.1, we obtain the
following proposition.

Proposition 1.6. Let be the background Kahler metric on X. By Proposition 1.1,
the rescaled relative form 3 on n=1(Ds) \ Xo, defined by

P a Bs
6 X, = 68 = )
|log [s]]

belongs to Kskoda((X, B),p,1,C,a,9) for any p > 1 and for some C;a >0, 6 € (0,1).
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Proof. We shrink the disk to D§ so Proposition 1.1 applies. For each s € D§, the volume
density f, of B with respect to dVj, is equal to 1, since
BB
Vi, Vs
Hence [, fPdVj, =1 and the condition in Definition 1.5(1) holds for B = 1 and any

p > 1. The Skoda inequality in Definition 1.5(2) follows directly from Proposition 1.1.
0

= dVj,.

Remark 1.7. Under Setup 1, assume in addition that X, is reduced and irreducible.
Fix 6 € (0,1). Let 6 be a relative Kéhler form on 7~!(Ds) \ X,. If the following two
conditions hold:

e there exist p > 1 and B > 0 such that

9n p
2 dVs. < B
AK%J%) =
for all s € Dj;

e there exists A > 0 such that [f;] < A[f,] for all s € Df;
then [GT25, Theorem 1.8] yields

0 e }CSkoda((Xa 5)7297370’0575)7
where o« = a(n, p, A, B) and C' = C(«,n,p, A, B).

By [DNGG22, Theorem A], we have the uniform estimate for Monge-Ampere equa-
tions.

Theorem 1.8. Fizp > 1 and B,C,a > 0,6 € (0,1). Let 0 € Kskoaa((X, 5),p, B, C,,§).
Assume that there exists @5 € PSH(X;, 05) N L>®(X), p' > 1 and B’ > 0 independent
of s € D§ such that

1
W(‘gs + ddCQOS)n = gsdvﬁs>

with [ g% dVs, < B'. Then Oscx,(¢s) < L = L(p', B',C,a,n).

Proof. Since 6 € Ksioaa((X, 8), p, B, C, , §), it follows directly from [DNGG22, Theorem A].
Using the notations therein, we take

X =X;, w=0b,, v=dVs, p=gsv.
O

The following comparison lemma is the key ingredient in the method of auxiliary
Monge-Ampere equations.

Lemma 1.9 ([GT25, Proposition 1.4]). Suppose that (X", w) is a compact Kdahler
manifold of complex dimension n. Fizt > 0, p > 1, and 0 < f € L"(w"). Let v
be the unique bounded w-sh function, and let ¢ be the unique bounded w-psh function,
satisfying

(wHddv) Aw" P =efu" and (w4 ddp)" = ™ W™
Then ¢ < v.
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For 0 € Kskoaa((X, 8),p, B,C, , §), we obtain the following Laplacian estimates on
(X, 05) for s € DS.

Lemma 1.10 ([GT25, Lemma 2.1]). Fiz a > 0, and let v be a quasi-subharmonic
function on X such that Ag,v > —a. Then

1
supv < L a+—/ UG?),
XSI) < ‘/bs s||

where L = L(n,p, B,C,a) > 0 depends only on n,p, B,C, .

Proof. The proof of [GT25, Lemma 2.1] uses only the Skoda estimate in Definition 1.5(2),
the uniform L*-estimate in Theorem 1.8, and the comparison lemma Lemma 1.9.
Since these ingredients are available for 0 € Ksyoaa(X, p, B, C, @, §), the same argument
applies. O

Proposition 1.11 ([GT25, Proposition 2.2]). Let u be a continuous function on X
such that [ w8} =0, |Ag,u| <1. Then

HUHLC’C(XS) <L,
where L = L(n,p, B,C,a) > 0 depends only on n,p, B,C, .

Proof. The proof of [GT25, Proposition 2.2] relies on the previous lemma together
with Theorem 1.8 and Lemma 1.9. Hence the same argument applies in the present
setting. 0

Remark 1.12. Proposition 1.11 is also proved by Guo-Phong-Song—Sturm in [GPSS24b].
A related uniform Laplacian estimate, under different integrability hypotheses, appears
in [NV24, Proposition 2.3], building on the estimates of [GL25].

1.C. Proof of the lower bound of small eigenvalues
We prove the lower bound of small eigenvalues in the following theorem, which is

part of our main theorem Theorem 0.2.

Theorem 1.13. Let 7: (X,wx) — Dy be a degeneration of Kdihler manifolds of
complex dimension n. Suppose Xq is the unique singular fiber, which may be reducible
and non-reduced. Let ws = wyx |x, be the restriction of the background Kdhler form
wx on each reqular fiber X; (s # 0). Then there is a positive constant C' > 0 such that

C |10g_1 |S|‘ < M(Xs, A,),
for 0 <|s| < 1.

Proof. Let ®, be the normalized eigenfunction with the first non-zero eigenvalue of the
Laplacian on (X, ws), i.e.,

Awsq)s = )‘I(Xm Aws)q)& ||(I)S||L2(Xs,wg) =L
By Yoshikawa’s spectral convergence theorem (Theorem 0.1), the eigenvalues of

(X5, ws) that converge to the spectrum of (Zyeq, gz) are uniformly bounded from above
as s — 0. Since the family is smooth away from the singular fiber, after enlarging
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the constant if necessary, we have 0 < A(X, A,,) < A for some 0 < A < oo and all
0<|s| <3

Recall that (X;,ws) satisfies a uniform Sobolev inequality as it constitutes a family
of minimal submanifolds (see [Tos10, Lemma 3.2], [DNGG22, Proposition 3.8]). For
all s # 0 and u € C*(Xj), there is a constant Cso, > 0 independent of s and u such

that
1
( / |ur2”w:) <z, (/ Vo + [ |u|2w:),

(1.4) (l/ - ] when n > 2) ;

1
2
(/ |u|4wg) < Ciy (/ V|2 w? +/ \qu?) ,  whenn=1.
s X X,

In the case n = 1, we set v = 2 in the Moser iteration below.
From a standard Moser iteration (see [Pet16, Theorem 9.2.7]), we have

V71/2 _ Vw:]-/Q HQSHLQ(XS,MQ) S H®5HL°°(X5) S C/

Ws

for a uniform constant C' = C'(Csop, 1, A) > 0. Indeed, we have

VUA
(1.5) Hq)s”/:oo(xs) < exp (CSobﬁ ||(I)s||L2(XS,wg) :

Set By = e Then 8 € Ksroda((X, wx), P, 1, Cskodas OSkoda; 0) for any p > 1, for
some 0 < ¢ < 1 and for positive constants Csyoda, Oskoda i the uniform Skoda inequality
by Proposition 1.6.

Note that
AESCI)S = [log |s[| Ay, s = (log [s][ - M (X5, Au,)) s,
and o o
Aj . =|=| <1
O flog |s]| - A (X5, Au,) ’C’ -

Applying Proposition 1.11, note that [, d,3" = |log ™™ ||| Jx, ®swi =0, we have

O
H ¢’ |log |5|| (X, Ag,)

< O//

Lo (Xs)

for 0 < |s| < 0 and a uniform C” > 0.
Therefore, we obtain

A (X, AL > H P, > C |log™" |s]|

— [[C"C" Jlog ]|

Loo(Xs)

for a uniform C' = (C’C”VJS/Z)*1 > 0, since V,,, = sz w? is independent of s. O

2. UPPER BOUND

The main theorem of this section is the following.
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Theorem 2.1. Let n: Y — D, be a degeneration of compact Kdhler manifolds of
complex dimension n. Suppose )y is the unique singular fiber and is a reduced divisor
with simple normal crossings, i.e., the degeneration is semistable.

Let B be a closed smooth semi-positive form on Y such that its restriction to each

reqular fiber Y, = 7w 1(s) (s # 0) is Kdhler. Let
/ g" > O} )
D

This number counts only those components of the semistable central fiber carrying
positive f-volume. We write Ng == Ng(Y) and assume Ng > 2.

Then, for the first Nz — 1 non-zero eigenvalues 0 < A\i(s) < -+ < An,_1(s) of the
Laplacian of (YVs, Bs =t B |y.), there exists a constant C' > 0 such that

C
log |s| "

Ng(Y) = # {D an irreducible component of YV,

Mi(s) < -ov < Ay (s) <

for 0 < |s| < 3.

In the first subsection, we show that Theorem 2.1 implies the upper bound of small
eigenvalues of general degenerations in Theorem 0.3.

In the remaining part of this section, we prove Theorem 2.1 following the ideas in
[Yos97] and [DY25, Section 6]. The method is to construct suitable test functions on
Y, and apply the min-max principle to get the upper bound.

2.A. Proof of the upper bound of small eigenvalues

Assuming Theorem 2.1, we prove the upper bound of small eigenvalues in Theorem 0.3.

We recall the construction of Z in Theorem 0.1. Note that the number of irreducible
components of Z minus 1 is equal to the number of small eigenvalues.

Let m: (X,wx) — D, be a degeneration of Kéhler manifolds of complex dimension
n. Write the central fiber as Xy = 22:1 maoD,, where the D, are its irreducible
components, and let m = [[L_, m,.

Consider the base change and normalization given by the following commutative
diagram:

F1X —“y l1X — X xp, D, = X

(2.1) \% l
D, —— D,

t—t™

We define the reduced divisor Z := ﬁfl(O) as the central fiber of the normalized space.
We next compare the spectral count Ny with the positive-volume count Ng()) that
appears on a semistable model.
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Lemma 2.2. For any semistable reduction p: Y — D, of m over a finite base change,
fitting into the commutative diagram

y L X

oL

D, —s D,

where fq(t) =t = s, and the induced map (1, p): Y — X xp, Dy is an isomorphism
over Df, set By = p*wx and define the auziliary semistable count

NSS(X) = Nﬁy (y)

:#{DQJ}O

D s an irreducible component and / By > O} :
D

Then

o Ny (X) is independent of the choice of semistable reduction,
e Ny(X) = Ny, where Ny = #Irr(Z).

Proof. We first show the birational invariance. Let u;: )V, — X, ¢ = 1,2, be two
semistable reductions over the same base change s = t¢, and set 8; = pfwy. Let
pi: Vi — D, be the structure maps.

Since the induced maps (u;,pi): Vi — X Xp, Dy are isomorphisms over Dg, the
varieties ), and ), are birational over X. We can choose a common log resolution of
pairs (M1, (V1)o) and (), (X)) over X, namely, the following diagram:

W
#1 ®2
N2 / \ N2

Then ¢} = ¢55,. For an irreducible component G C W, either G is exceptional over
Y, in which case dim ¢;(G) < n and the projection formula gives

(£¢m?:a

or G is the strict transform of a unique irreducible component D C ());)o, in which

case
| o= [ o

Thus the components with positive -volume are preserved under passing to a common
log resolution. Hence

N51<y1) = N52<y2>
for semistable reductions over the same base change.

The same argument shows invariance under further ramified base change. Indeed,
let p: V — ID; be semistable and pull it back by u +— u4. If p’: V' — D, is a semistable
reduction of Y xp, D, and ¢: Y’ — Y is the induced map, then py = ¥*fy. Every
component of (') is either the strict transform of a component of )y, or is exceptional
over an intersection stratum of ). This follows from the local semistable model: if p



16 JUNYU CAO

is zp- -z, = t, then after the base change it is zy-- -2, = u?, which is smooth at the
generic point of each original component and can acquire new divisors only over the
strata where at least two components meet. The exceptional components have zero
[-volume by the projection formula, while strict transforms have the same volume as
the original components. Therefore

Ny, (V') = Ng, (V).

Given two arbitrary semistable reductions of degrees d; and ds, we pass both to the
common base change of degree ¢ = lem(dy,dy). The preceding paragraph and the
same-base-change invariance then imply that Ng(X) is independent of the semistable
reduction.

It remains to identify this number with the number of irreducible components of Z.
Write

Nz
z=1"0 =]z
j=1

After a further base change u — t = u?, take a semistable reduction
v:Yy — ﬁ( Xp, Dy.
Letr: Y — F~1X be the induced map and h == Fou: F-1X — X be the composition
of maps appearing in eq. (2.1). Taking = h o r, we have
By = prwx =r*h*wy,
and we compute Ng(X) using this semistable model,

NSS<X) = Nﬂy(y)-

Since F~1X is normal and Z is reduced, the pullback family is smooth at the generic
point of each Z;. Hence the irreducible components of ), are precisely the strict
transforms Zj, together with v-exceptional divisors. The latter map to subsets of
dimension < n, so they have zero Sy-volume. Since h is finite over the central fiber,
for each 7, the map

hj:=h|z,: Z; = X

has image an irreducible component D,y C X, and is generically finite of degree

e;j > 1. Therefore
/ By = ej/ wy > 0.
Z; D

a(j)

Thus the components of ), with positive fy-volume are exactly 21, e Z ~,- Consequently
NSS(X) = Nﬁy(y) = Ng,

as claimed. ]
Then we can prove the upper bound of the main theorem.

Theorem 2.3. Let w: (X, wx) — Dy be a degeneration of Kihler manifolds of complex
dimension n. Suppose Xy is the unique singular fiber which may be reducible and non-
reduced. Let Ny = #Irr(Z), where Z is the reduced central fiber of the normalized base
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change in Equation (2.1). Then we have Nz — 1 small eigenvalues 0 < A\i(s) < -+ <
An,-1(8) of the Laplacian on (X, wx |x,)-
If Ny > 2, then there is a uniform constant C' > 0 such that

Ai(s) <+ < Anya(s) < Cllog™ s

for 0 < |s| < 1.

Proof. We use the semistable diagram in Lemma 2.2,

y L5 X

Pk
D, - D,

Set B := p*wx. Then (Y, B) is isometric to (Xy, ), wy,q)) for t # 0.
By Theorem 2.1, we have

C
0 <MV Ap,) < < Any)-1(V, A,) < W

for some Cy > 0 and [¢| < 1.
By Lemma 2.2, we have Ng()) = Ng(X) = Nz. So

&
0< Al(de(t)’Awfd(t)) S . S )‘Nz—l(de(t)’Awfd(t)) S PE—
log [¢]
Since s = f4(t) = t%, we have
1
log |t| ™" = 3log\s|_1.
Hence, after replacing C by C' = d(Ch,
C
A(s) < < Anyma(s) £ ———
log [s|
for 0 < |s| < o4. O

2.B. A quantitative retraction a la Dai—Yoshikawa

We work under the geometric assumptions of Theorem 2.1. Thus 7: Y — D is
a semistable degeneration of compact Kahler manifolds of complex dimension n, the
central fiber ) is a reduced simple normal crossings divisor, and + is a fixed Kéahler
metric on Y. We write

Yo=Y _D;  Singdo)= |J (DinDy),
i=1 1<i<j<a

and
o~ = Mo\ Sing(),
and we denote by d, the distance induced by . For a subset A C ) and r > 0, we set

By(Ar)={y €Y |dy(y,A) <r}, By(Ar):={yeV|d,(y,A) <r}.
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Proposition 2.4 (Quantitative retraction). Fiz an integer v > n, and set €(s) =
Q\S\ﬁ. Then, after shrinking D if necessary, there exists a family of diffeomorphisms

F: ygeg \FW(Sing()}O), €(s)) — F (yoreg \EW(Sng(yO), 5(3)>> C Vs
with the following properties.

(1) Fy = idyres.
0
(2) For every z in the domain of Fy,

dy(Fy(2), 2) < K s+
(8) If B is a smooth differential form on Y, then

* 1
155 Bs = Boll e e 3, (sing 061 < B2sl8]2-

(4) Let v := 7|y., and let (Fy).x denote the push-forward of a test function x by F,
extended by 0 outside the image of Fy. Then for all x,x' € C&°(V;®\ B, (Sing(M), €(s))),

1
‘((Fs)*m (FX) 123,y = 06X )2z a0y | < Ksls12 Il 2 gypes ) X 2 gyes 1) -
and

1
< Kyls|? [ldx |7

‘Hd«Fs)*X) ||i2(ys,')/5) - ||dX||iQ(yéeg,vo)

In particular,

Yo#0)

1
< K] lldxl g2 gypes o) -

Hd(<FS)*X)||L2(yS,7S) - ”dXHm(yéeg,’yo)
(5) Let a be a smooth (1,1)-form on Y. Then for every x € C§(Vy™\ B, (Sing(J), €(s))),

/(Fs)*xaf:—/ X g
s yO
and

/ d((Fs)sx) Nd°((Fy)ix) Aal™ — / dx Ndx N ag™!
s Yo

1
< Ky als|2 HX”Ll(yregﬁo)’

0

1 2
< Kyals|2 HdXHLQ(y{,egno) :

Remark 2.5. The construction of the retraction using a vector flow is classical, as seen
in Clemens’ retraction [Cle69,Cle77] and in [Kod86, Proof of Th. 2.3]. To the author’s
knowledge, a quantitative version of this retraction first appeared in [DY25, Section 6]
for the degeneration of Riemann surfaces. This flow construction was also utilized
recently in [CGP21, Section 2] to study complex Monge-Ampere equations.

We construct a family of diffeomorphisms which sends the smooth part of the singular
fiber to nearby smooth fibers. The idea is to pick a C'*° complex vector field v on
Y\ Crit(m) = Y\ Sing ) satistying m,v = 0/0s, and use this vector field to flow points
on the singular fiber to nearby smooth fibers.

We begin with a direct Lojasiewicz-type estimate, imitating the same estimate in
[DY25, Lemma 6.2].

Lemma 2.6. There exists a constant co > 0 such that

ldr (2)|> > co d, (2, Sing(M)) ™"
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for all z € 7 1(D,), after shrinking p > 0 if necessary. In particular, for every integer
v > n there exists ¢, > 0 such that

ldx ()15 2 ¢ d, (=, Sing(3))™"

Proof. Choose finitely many adapted coordinate charts Uy € V) covering a neighbor-
hood of ), where V) carries coordinates (zo, ..., 2,) such that

m = ZO “ .. Zp
for some 0 < p < n, and the components of ), meeting V) are given by {z, =
0},....{z, = 0}. On each U, the metric v is uniformly equivalent to the Euclidean
metric ggye, SO it suffices to work in these coordinates.

If p =0, then dm = dzy and the desired lower bound is immediate after shrinking
the chart. Thus, near Sing()y), we may assume p > 1. In V) we have

p
dm = E 20725 2pdzy,
Jj=0

hence
& 2
2 N
Hdﬂ(z)HgEuC = E ’z0-~-zj---zp| )
j=0

After reordering the coordinates, we may assume
20| < |a1] < - <zl
Since {zp = z; = 0} C Sing())), we have
d,y(z,Sing(yo))2 < |20l + |21)?
On the other hand,

ldm(2) g, = 1217 2" + 2022 2p* > |21 + |20 > 2177 (J0]* + [ )"

lgeuc
Therefore
ldm(2)II} 2 ds (2, Sing(V0)) ™ > dy (2, Sing(W)) ™

whenever z stays in a sufficiently small neighborhood of Sing())), because p < n and
d(z,5ing(Yp)) < 1 there. Away from a fixed neighborhood of Sing(})), the function
|dr||., has a positive lower bound on 7~'(ID,) after shrinking p, so the same inequality
holds globally, possibly with a smaller constant.

The second assertion follows immediately from the first, since d,(z, Sing(J))) < 1
near Vo and v > n. O

Remark 2.7. Because |d7r\2 is locally real analytic, an estimate analogous to the one
in Lemma 2.6 can be derived from the first Lojasiewicz inequality (cf. [Mal66, p. 62,
Theorem 4.1]). It should be noted, however, that the general Lojasiewicz inequality
does not yield precise information regarding the exponent v in Lemma 2.6.

We now introduce the vector field used in the construction of Proposition 2.4. We
follow closely the strategy in [DY25, Section 6].
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On Y\ Sing()), define the (1,0)-vector field
B (dﬂ-)ﬂw
ldr |2

Then 7,0 = 9/ds. We define real vector fields U,V by U — iV :=20. If s = u +iv

for u .= Re s and v := Im s, then

0 0

Lemma 2.8. For every 0 < r < 1, there is a constant C' > 0, independent of r, such
that on 7 1(D,) \ B,(Sing(M),),

U, + V], <Cr, VU, +|VV], < Cr.

Here and below, V denotes a fixed smooth connection on TY, for instance the Levi-
Cwita connection of v. FEquivalently, in the finitely many adapted charts used above,
one may replace V by ordinary coordinate differentiation; the resulting norms are
uniformly comparable, so only the constants change.

Proof. Since [B] = ||d7r||;1, the first estimate follows from Lemma 2.6. For the
derivative estimate, in the adapted charts the coefficients of v,7~!, and =, together
with their derivatives up to order two, are uniformly bounded. Differentiating the
normalized gradient gives V Hdﬂ'”i = O(||drl||.), since the Hessian of 7 and the first
derivatives of 7 are bounded. Hence |[VO| < CHd?TH;Q. By Lemma 2.6, this is
bounded by Cr~2" away from B, (Sing()s),r). The estimates for U,V follow because
they are the real and imaginary parts of 20. U

For 0 € [0,27], set W? := (cos®)U + (sin§)V. Then
W’ = (cos 9)% + (sin 9)% = e
where we identify TD with C. Let

,,,.211

= %
Then 9, < min{r/M,,1/(2N,)} for all 0 < r < 1. Choose 1y > 0 sufficiently small so
that

MT = CTill, Nr = CT?QV?

B, (Sing()), 2r¢) C 7 1(D,) and & <p (0<r<r).

In what follows we take 0 < 7 < ro. For z € V;*®\ B, (Sing())y), 2r), let ®’(n, 2) be the
solution of
d

(2.2) w02 =Wang o, 2(0.2) ==
Along this solution, %W(@G(n, 2)) = mW? = ¥ since 7(z) = 0, we have 7(®%(n, 2)) =
ne®. This solution is defined for all || < 6,. Indeed, let (—7_,7,) be its maximal
interval of existence in 7~ *(D,) \ Sing()p). We prove the positive-time direction.

Let Ty be the first time at which the trajectory enters B, (Sing()),), namely

T, :=inf {77 €0,74) ] d,y(<I>9(77, z), Sing(yo)) < 7‘} ;
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with the convention that T, = 400 if the set is empty. If T, < 400, then by continuity
®%(T,, 2) € 0B, (Sing(d),r) C 7 1(D,) \ Sing(Wo),

so the ODE can be continued past T'y. Hence 7'y < 7.
We claim that T’y > §,.. Otherwise Ty < 6, < oo, and thus T’y < 7. For0 <n < T,
the trajectory stays in

Wﬁl(Dp) \ B,Y(Sing(yo), T)?
SO ‘VVG‘7 < M,. Hence

d,(°(n, 2),2) < /077

Letting n — Ty, we get d,(®%(T, 2), z) < r/2. Since d,(z, Sing())y)) > 2r, the triangle
inequality gives

0
W<I>9 (0,2)

do < M,n < M6, <r/2.
v

[\CR V]

d, (°(T}, ), Sing(V)) >
contradicting the definition of 7';. Thus 7'y > 9,.
It follows that the trajectory remains in 7=1(D,) \ B, (Sing(J),r) for 0 < 5 <
min{7,,d,}. If 7. < J,, then its image is contained in the compact subset

7 (D) \ By(Sing(Yo), 7) € 71 (D,) \ Sing(),

where W? is smooth. The ODE continuation theorem therefore extends the solution

T,

past 7., contradicting maximality. Hence 7, > §,. The negative-time direction is
identical.

Lemma 2.9. For 0 < r < rg, 0 € [0,27], z € V" \ B,(Sing(Q), 2r), and |n| < 6,,
one has

@0(777 z) € yne“’ \EW(Sing(yO))T)7 d (@0(77, 2), Z) < M, |nl|.

Moreover, ®) : z — ®(n, z) is a diffeomorphism from Y;* \ B,(Sing(Jy),2r) onto its
image in Yo .

Proof. The distance estimate and the exclusion of B.,(Sing()y),r) were proved above.

Moreover,
d A
d—nw(®9(n, 2)) = m W8 =¢".
Since 7(z) = 0, this gives 7(®%(n,2)) = ne?. The diffeomorphism statement follows

from uniqueness of solutions, with inverse obtained by flowing for time —7. 0J

Lemma 2.10 ([DY25, Lemma 6.3]). There exists a constant K5 > 0 such that for
every 0 < r < 1o, every 0 € [0,2n], every z € V;® \ B,(Sing(J),2r), and every
0<n<9o,

| D®!(2) — DP(2)|| < KsN,n.
Hence, whenever 0 < n < min{4,, r*},

| DPE(2) = I|| < Ken'/?.

Proof. Fix a finite atlas by real coordinates near )y, and write D<I>f7(z) for the real
Jacobian matrix of ®/ in these coordinates. Set Z°(n, z) := D®!(z). Differentiating
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eq. (2.2) with respect to the real z-coordinates gives

d _g 0 =0

d_U: (777 ) (VW )q,e (n,2) e (7772>7

where VWY is the real Jacobian matrix of the coordinate expression of W?, and - is
ordinary matrix multiplication. Define

W(n) = ||Z°(n, 2) = E°(0,2)]] -
Since ® is the identity map, Z%(0,z) = I. Thus

n
=0(n,2) —2°(0,2) = / (VWe)q)e(U’Z) 2%, 2) do.
0

Along the trajectory we stay outside B.(Sing(Jp),r), so ’VWG} < N, by Lemma 2.8.
Hence

n n
S <N [0 do <N, [ o) do+ N,
0 0

where the last inequality uses ||Z%(c, 2)|| < ¢?(o) +[|Z°(0, 2)||, and the uniform bound
for HEG(O, z)H is absorbed into the constant. By Gronwall’s inequality, ¢%(n) < ™ —
1 < 2N,n, since N,n < N,.6, < 1/2. This proves the first estimate.

If 0 < n < min{d,,r*}, then

N’I‘T] < CT_2VT] _ 0771/2(,01/27,—21/) < 0771/2.

This gives the second estimate. U

Lemma 2.11 ([DY25, Lemma 6.4]). Let 5 be a smooth tensor field on' Y. There ezists
a constant Cz > 0 such that, for every 0 < r < ry, every § € [0,27], and every
0<n<r?,
0\ * o 1/2
H((Pn) /877629 BOHLm(yéeg\FW(Sing()}O)Qr)) S Oﬂ/r] .
Proof. In finitely many adapted charts, the coefficients of 5 and their first derivatives
are uniformly bounded By Lemma 2.9, d,(®%(n,z2),2) < My < Cnr=, and by
]H < Cn'/2. After shrinking 7o, this also gives H D<I>9 IH <
Cn'/?, so the same estlmate applies to mixed tensors. Thus the coefficient dlfference
between (®f)*f,q0 and Sy is bounded by O(nr=) + O(n*/?). Since n < r*, we have
nr~v < n'/2. The result follows. O

Proof of Proposition 2.4. If s = 0, set Fy := idyres. If s # 0, write s = ne? and set
r=|s|Y™) . For |s| sufficiently small so that r < ry and n = |s| = r¥ < §,, define
Fy := ®f on Y;™ \ B,(Sing(J), 2r), which is exactly Y™ \ B,(Sing(Jb), €(s)).
Property (1) is immediate. By Lemma 2.9,
dy(Fi(2),2) < My |s| < v |s| = C s,
which proves (2). Property (3) follows from Lemma 2.11. Applying the same lemma

to the tensor field v, we obtain

1Es s = yoll e < Clsl2.
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Since the volume form and the Hodge star operator depend smoothly on the metric,
FXdvy
d'UO

1| <olsI"?, |J#re — < C|s|'2.

*v0 ||L°°

LOO

The L°°-norm is ||-||Loo(y(r)cg\gv(smg(yo)’e(s))). Here the volume form dv; is 2.

reg

For x, X' € C& (Vs \ B, (Sing()), €(s))), change of variables gives

((Fs)*X7 (Fs)*X,)LZ(ys,Ws) = /J; XYFS*CZUS.

reg
0

Hence

1/2
< Ol Ixll 2 11l 2 -

’((Fs)*X7 (Fs)*X/>L2(y5,'ys) - (Xa X,)L2(3766g,’70)
Similarly,

2 _
CIEARN P I e
0

and therefore

2 2 1/2 2
A0 a3,y = I s | < C Ll N

0

) .
The corresponding estimate for the unsquared norms follows from |a — b| = |a® — b?| /(a+
b) < |a? — b?| /b when b > 0, and is trivial when b = 0. This proves (4).

Finally, for a smooth (1,1)-form «, change of variables and Lemma 2.11 applied to

/(Fs)*xoz?—/ X Qg
s y()

For the energy term, we also compare the complex structures. Let J denote the ambient

o’ give

1/2
< Cls| / ”XHLl(ygeg;YOp

complex structure. Since J is a smooth tensor, Lemma 2.11 gives
% 1/2
1F: (Jlr3,) = Tlryoll g < Cls]'2.
Hence, for every test function Yy,
* ([ gC c 1/2
Fr(dS, (F)x)) = dSx + Eoldx),  |[E(dx)|, < Cs]"?|dy], -
Combining this with F*a"! = o2~" 4 O(|s|"?) gives

/ d((Fs)*X) A dc«Fs)*X) N O'/Z_l - /y dX A dCX N Oég_l <C |S|1/2 ||dX||i2(y5eg7’YO) )
s 0

This proves (5), and completes the proof. O

2.C. Test functions on the central fiber

We work under the geometric conditions in Theorem 2.1. Then the unique singular
fiber ), is a reduced snc divisor in ). We shall construct families of test functions
supported on every irreducible component D; (1 <i < a) of V.

Proposition 2.12. There exist positive constants c¢1,co > 0 and €9 > 0 depending on
the degeneration w: Y — D and a Kdahler metric v on Y such that, for every 0 < e < €,

there exists a family of smooth functions XE”, 1 <i < a, satisfying:

(1) For each i, the function XE” depends on € continuously.
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(2) For 1 <i < a, we have e C3°(D; \ Sing(Mo))-

(3) We have 0 < x) < 1. ‘ |

(4) For y € D;, we have x"(y) = 0 if d,(y,Sing()) < e, and X (y) = 1 if
dy(y, Sing(W)) 2 cav/e.

(5) We have deﬁ“

< Ky/loge™, where Ky > 0 is a uniform constant.
L2(Vo,y)

We first define a family of smooth functions on R+, depending on 0 < € < 1. Set

t) log(t) —log(e) _ log(t) — log(e)
u(t) = = :
log(y/€) — log(e) —3 log(e)
Then u(t) > 1 when t > /e, u(t) <0 when t <€, and u.(t) = —2/(tloge).

Let n € C*°(R) be a standard bump function such that 0 <7 < 1,7 = 0 on (—o0, 0],
and = 1 on [1,00). We define o(t) = (9o uc)(t). Then ¢ =0 on (0,¢) and ¢, = 1
on (1/€,00). Extending it by zero, we regard ¢, as a smooth function on R. Moreover,
¢.(t) # 0 only when € < t < /¢, and on this interval,

—2
L) =n'(uc(t .
L) = 00 s
Thus there exists a constant C; = Cy(n) such that [ (t)] < C1/(t|loge|) for e <t <
Ve, and ¢l (t) = 0 elsewhere.

Using the test functions ¢, constructed above, we prove Proposition 2.12 by working
on local adapted charts and gluing them with a partition of unity.

Proof of Proposition 2.12. We fix one of the irreducible components D; of },. We
assume it to be Dy without loss of generality.

For any point y € ), we construct a triple of adapted coordinate charts around it.
Precisely, we have open sets U, € V,, @ W, containing y such that:

e The coordinate chart {z}1, of W, is the polydisc D5 of radius 3. Under this
coordinate chart, V, = Dy*! and U, = D}"'. The point y is the origin.

e The fibration 7 on W, is given by m(zo, 21, - - , 2n) = 2021 - - - 2 for some 0 < p < n,
where zp, - - , 2, are defining functions of irreducible components of ) intersecting
W,,.

Since ) is compact, we can find finitely many such U, covering ),. We denote these
open sets by {U, }a-

As {Vo}o U (Y \ U U,) constitutes an open covering of ), let {na}a U {no} be a
partition of unity subordinate to this covering. Then ) 7, = 1 on U,U,, and each
Mo is supported in V.

Each chart system U, € V, € W, falls into one of the following cases.

e Case 1: When W, N D; = (). We define
(2.3) X =1, -0=0.

Then y'% |y, = 0 is a smooth function on Ve

e Case 2: When W, N D; # () and W, N Sing()y) = 0. We define
(24) XD =10 1= 1o
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Then x4 |y, is a smooth function on Vi€, since Yy is smooth on V.

e Case 3: When W,ND; # () and W, NSing()y) # 0. After reindexing, we assume
that {zo = 0}NW, = DiNW, and that w(z) = zp2; - - - 2, on W, for some 1 < p < n.
Then Sing(Yo) "W, C ({21 =0} U---U{z, =0}) N W, on D;. We define

p
(2.5) X0 = o [ [ ecllzi])
i=1

Then XE% is a smooth function supported in V,. By construction of ¢, it is zero if
|z;] < eforsome 1 < i < p. Hence it is zero around Sing()y) "W, and its restriction
to Vo is smooth on ;.

Finally, we define
(2.6) (1) — Zx(l)

We now verify the five conditions in Proposmon 2 12.

Since . depends on € continuously, so does Xe . This verifies (1).
We verify that Xe) is supported on D;. If y € )y \ D;, then every local
contribution vanishes. In Case 1 this is immediate. In Case 2, the set V,, N ) lies
in the smooth component Dy, so 1,(y) = 0. In Case 3, since y € )y \ Dy, we have
zi(y) = 0 for some 1 < i < p; thus the product in eq. (2.5) vanishes. Therefore

M =0 on Y \ D;. From the construction, it is also zero around Sing(},). Hence

M e C°(Dy \ Sing()p)). This verifies (2).

By construction, every local factor lies between 0 and 1, and ) 7, = 1 on .
Hence 0 < XEI) <1 on ). This verifies (3).

We now determine the constants for the distance property. Let 0 < L; < 1 <
Ly be constants such that L2wg,. < v |w.< Liwge. on every W,, where wgy =
S ovV/—1dz Adz;. We set ¢; = Ly and ¢z = Lo.

We choose 0 < rg < ¢! as in Lemma 2.13. Thus, if y € Dy and d,(y, Sing())) < 7o,
then every V,, with y € V,, is of Case 3. Moreover, for such a chart,

Ly min |yi| < dy(y, Sing(J))  if dy (y, Sing(Io)) < 7o,

2.7 . .
(27) 4. (y, Sing(Ms)) < Ls min |y
1<i<p

We take ¢y = (r0/c2)?. Since 79 < e™! and ¢ > 1, we have ¢y < e”2. Also, for every
0 < € < €, we have c1e < 19 and cz+/€ < 7.

We verify the distance property in (4). If y € Dy and d,(y, Sing(Qh)) < cie,
then d, (y, Sing()y)) < ro. Hence every nonzero local contribution comes from Case 3.
By eq. (2.7), Ly min; |y;| < d,(y,Sing(Yo)) < cie. Since ¢; = Ly, we get min, |y;| < €,
and so Xﬁlcl(y) = 0 for every such «. Therefore Xgl)(y) =0.

Conversely, if y € D; and d,(y, Sing())) > c21/€, then Case 1 does not contribute.
In Case 2, the local factor is identically 1. In Case 3, eq. (2.7) gives Lo min; |y;| >
d,(y,Sing(Ys)) > cav/e. Since ¢y = Lo, we get min; |y;| > /e. Thus YY) = na(y) in
every contributing chart, and summing over o gives Xgl)(y) = 1. This verifies (4).
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We verify the gradient estimate in (5). By the distance property, dxgl)
supported in A, := Dy N {c1e < d,(y, Sing(My)) < cav/€}. Since cay/€ < 1, only charts
of Case 3 occur on A.. Hence, on A,

V= > d(naHsDe (|21) )

« in
Case 3

Write P. o, == []"_, ¢c(]zi]). Then d(n,aPen) = Pradne + nadPe . By finite multiplicity
of the covering,

2
degl) HL2(3}M) <C

2
Z P.odn.| dV.
ol

y
+C / AP, |2 dV,.
;; D1NVy 7 K

Case 3

The first term is bounded by C, because A, is contained in the c¢y4/e-neighborhood
of Sing()s) N Dy, this neighborhood has volume O(e) in Dy, and the functions 7, are
fixed.

For the second term, the estimate for ¢, gives, on each Case 3 chart,

C Hecll<vey
|dP..|> < d
77 |logel* 4 Z Els

Using the equivalence between v and the Euchdean metric, and integrating over the
remaining bounded coordinates, we obtain

Ve dr
i €5 [
/Dmva | l = |log Z loge v

Since the number of charts is finite and ¢y < e~2, the harmless Ce term is also bounded

by C/loge™!. Therefore

K
8, < e
where K, depends only on the finite adapted covering, the partition of unity, the fixed
bump function 7, and the metric comparison constants for v. This verifies (5).

The construction for the other irreducible components D; is the same after reindexing
the adapted coordinates. This completes the proof. 0

Lastly, we prove the following lemma used above.

Lemma 2.13. With the finite adapted covering fized above, there exists 0 < ry < e !
such that the following holds. If y € Dy and d.(y, Sing(J)) < ro, then every V., with
y € V,, is of Case 3. Moreover, for every such chart, the distance comparison eq. (2.7)
holds.

Proof. Since charts of Case 1 do not meet Dy, it suffices to exclude charts of Case 2.
Since V,, € W, and the family of charts is finite, the number

Sba = mind,(V,, Y\ W)


https://orcid.org/0009-0003-6875-3981

SMALL EIGENVALUES ON KAHLER DEGENERATION 27

is positive. Choose 0 < rg < min{e™!, dpq}.
If y € Dy and d,(y, Sing()))) < ro, then no chart of Case 2 can contain y. Indeed,
if y € V, for some a in Case 2, then Sing()y) C Y \ W, and therefore

d’y(ya Slng(y())) Z d’y(yay \ Wa) Z d'y(vaay \ Wa) Z 5bd > To,

a contradiction. Hence every V,, with y € V,, is of Case 3.

It remains to prove the distance comparison in eq. (2.7). Suppose y € D; NV, and
V, is of Case 3. Since d,(y,Sing())) < 1o < dpa, every closest point of Sing()p) to
y lies in W,. Thus the distance is computed inside W,. In this chart, D; = {2, = 0}
and Sing(Yy) N Dy N W, = UY_{z0 = z; = 0}. The other local strata of Sing(})),) are
no closer to y = (0,41, ,yn). Therefore the Euclidean distance from y to the local
singular locus is minj<;<, |v].

Since L?wgye < v < Liwgw on W,, the metric distance satisfies L;min, |y;| <
d,(y,Sing(Yy)) whenever d.(y,Sing()y)) < r9. Conversely, joining y to the local
singular locus along a coordinate line gives d(y, Sing()y)) < Lo min; |y;|. This proves
the lemma. U

Remark 2.14. This construction of test functions is standard; see, for example, [LS05,
Section 3.

2.D. Proof of Theorem 2.1

We prove Theorem 2.1 by constructing test functions on ) by flowing test functions
on the central fiber (Proposition 2.12) to nearby s using Proposition 2.4.

We work with the notation of Theorem 2.1, and f is the semi-positive (1, 1)-form
therein. Set Ng = N3()). We write

Np “
Yo = Z D; + Z Dy,
i=1

i=Ng+1

where Dy, - -, Dy, are exactly the irreducible components of ) such that f p. B" > 0.
For each 1 < i < Nj, with the notation of Proposition 2.12, we define

where €(s) = 2 |s|ﬁ. Since y\ € C(D; \ B,(Sing()), €(s))) by Proposition 2.12, we
define
Uj,s = (Fs)*Xgi) € C™(Vs),
where Fj is the diffeomorphism introduced in Proposition 2.4. We shall estimate the
L*-norms of u; ; and its derivative on (Y, 5s).
Using Proposition 2.4(5), we have

/ = /y 08+ Olllh) = / (D)8 + O(s]?).

i
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From Proposition 2.12(4), XS') is 1 on D; outside a neighborhood of Sing(),) of

radius cg/2¢€(s)/c1, which has volume O(e(s)) in D;. Hence

/ ()28 = / oy - / (1= (@)
D; D; D;Nd (y,Sing (Vo)) <car/2¢(s)/c1
_ / B2+ O(e(s))
D;

~ 2 n 1
Thus [[Ti,sl 72y, 5.) = Jp, 55 + O(ls|*).
For the derivative, using Proposition 2.4(5),

~ n 7 c. (1 n— 1
dt g5 B =n [ dxP AdxD A B+ O(s]?),
RY pe Y
s 0

we recall that (3, is a Kahler form on the regular fiber ).
Using Proposition 2.12(5) and choosing v to be a background Ké&hler metric that
dominates 3, we have

n/ dx{? Adx A Bt = 0(1/ log(e(s) ™)) = O (log*(s| ) -
Vo

e
Thus HduwHLg(ys gy =0 (log~"(|s| 7).
n ~ 2

For each 1 < i < Nz, we have fDi By > 0. So Hui’sHLQ(ys 52) fD By + O(|s |4”) >0

for s small enough. Then we define
ai,s
Ujs = o

1t sl 22y, 6.
Note that u; , is supported on F,(D;\ B (Sing(Jh), €(s))). These supports are mutually
disjoint. Thus {um}fvjl is an orthonormal system in L?(), 3s).

By the min-max principle, for Ag(s) the k-th non-zero eigenvalue of the Laplacian
on (Y, Bs), we have

MAo(s) =  mi d
k(s) VC%lé?ys>ueI&ﬁﬁﬁ:1|| ull72 v, 5.
dim V=k+1

For 1 <k < Ng — 1, we let the k + 1-dimensional vector space V' appearing in the
min-max formula be the space spanned by u; s, -, ug41,s. Note that

O (log™"(|s| "))

sy, 5, = 2 —0(og (s ™) . 1<i< N
I, B8+ O(]s|™)
The supports of u; g, - -, U1 s are mutually disjoint. Thus, for every u = Zfil a;U; s €
v,
k+1 k+1
2 2 2
lullza, 5 = D lail®s  lldulliag, 5y = > lail® IduislFay, 5, -
i=1 i=1
We have

Ai(s) = O (log™'(Is| )

for 1 <k < Ng — 1. This completes the proof of Theorem 2.1.
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3. APPLICATIONS AND DISCUSSION
3.A. Applications in geometric analysis

Let m: (X, wx) — Dg be a degeneration of Ké&hler manifolds of complex dimension n.
Assume X is the unique singular fiber. Let wy = wx|x, denote the restricted metric
on the smooth fibers X,.

When X, is reduced and irreducible, the first non-zero eigenvalue of the Laplacian
on (X, w;) is uniformly bounded away from 0 as s — 0. Consequently, there exists
a uniform constant C' > 0 such that the following L2-Poincaré inequality holds for all
s € ]D"% and all f € C*(Xj):

e
‘f Jx, @t

This uniform inequality is widely utilized in geometric settings involving the de-

(3.1) < COlldfllp2ex

awa :

LQ(XSWJS)

generation of complex manifolds (see, for example, [RZ11b, Proposition 3.2], [CGP21,
Appendix]|, [DNGG22, Proposition 3.10|, [Pan22, Proposition 2.2] and [FT23, Theorem
3.2.4]).

When X is not irreducible, it is well known that the uniform Poincaré constant in
Equation (3.1) blows up as s — 0. However, Theorem 0.4 ensures that this rate of
blow-up is strictly controlled. This control ultimately yields the following lower bound
for the Green function G4(z,y) on the fibers (Xj,ws), which remains valid even for
general singular fibers:

Proposition 3.1. Let G4(x,y) be the Green function of the Kdhler manifold (X, ws)
for s # 0. Then there exists a constant C' > 0 such that
Gs('r? y) Z —C |10g |S||
for all s € DS.
2
Proof. Let {®;(s,2)}i>1 be eigenfunctions of A, with non-zero eigenvalues and nor-
malized L2-norms. Let ko be the number of small eigenvalues; equivalently, kg = N, —1

with the convention that ky = 0 if Nz = 1. Then we have
ko

1
Gy(,y) = chbk(s ) k(s y) + Z A (5,2) @i (s, ).
k=1 . k ko+1 J
— Gy tow (0,9 =:Gs,flh<x,y>

By Yoshikawa’s spectral convergence theorem, A\g,+1(s) converges to the first positive
eigenvalue of (Z,s, gz), and hence is uniformly bounded away from 0. Consequently,
a classical argument by Cheng and Li [CL81] ensures that G pign(z,y) > —C) for
some uniform constant C; > 0. (See also [Cao26, Proposition 3.6], noting that
Theorem 3.7 used therein can be replaced by the higher-dimensional version in [CKS87,
Theorem 2.1].)

If kg = 0, then Gsiow = 0. If ky > 0, then Theorem 0.4 provides control over the
small eigenvalues. Furthermore, uniform Sobolev inequalities combined with Moser
iteration bound the L*-norms of the corresponding small eigenfunctions. Indeed, from
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Equation (1.5), we have

[Pkl oo x,) < €xP (CSOb

VA
Vr—1]"
Here A > 0 is a uniform bound for small eigenvalues, i.e., 0 < Aj(s) < -+ < A (5) <

A < oo for s € Dy e, and v = v(n) is the exponent in the Sobolev inequality.
Together, these bounds yield

Gs,lovv(x, y) Z _02 |10g |8||
for a uniform constant Cy > 0. This estimate is also trivial when ky = 0.
Summing these estimates yields the desired bound Gg(z,y) > —C'|log |s||. O

The estimate of the fiberwise Green functions leads to the following two applications.

3.A.1. Estimates of families of plurisubharmonic functions.

Proposition 3.2. Let 6 be a smooth (1,1)-form on X. Then there is a uniform
constant Cy > 0 such that for s € DY, we have

2
1
Cilogls| < —/ pw? —supp < 0
VO]‘(MS) X Xs

for all ¢ € PSH(X;,0;). Here vol(ws) = fXS w? is a positive constant determined by
the cohomology class of wx.

Proof. Since 7 (D3,4) is compact, we take a large constant L > 0 such that 6 < Lwx
on 7 1(Dy/4). Then for s € D35, we have PSH(X, 0,) C PSH(X;, Lw;). It is enough
to prove the estimate for wg-plurisubharmonic functions: if ¢ € PSH(Xj,6,), then
¢/L € PSH(X;,ws), and multiplying the resulting estimate by L only changes the
constant. Thus we assume below that ¢ € PSH(X, wy).
Since wy + dd®p > 0 for ¢ € PSH(Xj, w;s), we have
c n—1
_ nddp A W S

—n.

(3.2) —A,,p = tr,, (ddp)

n
wS

Note that we use the positive definite Laplacian. Thus

1 /X pwg — p(z) = /Z/GXS G (2,2) (=D, 0) (2™ ().

vol(ws)
By Proposition 3.1, we have

/,EX (G, (2,2) + C [log [s]]) (= Au, ) (2w ()

> [ (Cule?) + Cllog s (-m)u2(2)

(Using G, (z,2") + Cllog|s|| > 0 and eq. (3.2))

> / C |log |s|| (—n)w? (") = —nC'vol(wy) [log |s]|
2'eXsq

(Using / G (2, 2 ) () = 0).
Z'eXs
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Since [,y C'llog|s|| (A, p)w! = 0, we have

]_ / n
[ ow—pe)= [ (Gulen) + Clloglsl)(-Bup) ()l () = Crlogls].
Xs z'eXs

vol(wy)
Here C} = nvol(w,)C in the wg-plurisubharmonic case; this is independent of s. The

general case follows from the preceding scaling reduction.
So we have

Chlog |s| <

1
/ pwy —supp < 0.
vol(ws) Jx, X,
O

Remark 3.3. When the singular fiber X is reduced and irreducible, the log |s| factor
can be removed; see [DNGG22, Conjecture 3.1] and [Ou22, Corollary 4.8].

Remark 3.4. The log |s| factor is optimal. Indeed, in [DNGG22, Example 3.5], they
construct a family of plurisubharmonic functions ¢ € PSH(X,, ws) so that sup X, Ps =
0 and

/ pswl < Clog|s|

S

for a constant C' > 0.
3.A.2. Estimates of families of Poisson equations.

Proposition 3.5. Let g be a continuous function on X and suppose it satisfies the
integrability condition on all smooth fibers X (s #0),

/ gwy = 0.

Then for s € DY, let ps be the unique solution to the Poisson equation on X, i.e.,
2

Aws(ps =g |Xsa / SOSWZ =0.
There exists a constant Cy > 0 independent of g such that

@5/l oo x,y < Callogls]] |9l Lo,
for all s € DY.
2

Proof. For s € DY, we have
2

o) = [ G

Using G, (2,2") + C'|log|s|| > 0 in Proposition 3.1 and g+ ||g||;~ > 0, we obtain that
[ Gua g = [ (@) + Clloglsllgl)er ()
2'eXs 2'eXs

> [ (@) + Cllog s = ol o2 ()

= =Cllgll o vol(ws) [log |s][
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Here |||l == [|9ll o (x.)- For the reverse direction, we consider —g. This completes
the proof. 0

Remark 3.6. In the study of holomorphic dynamics, we need to solve fiberwise Poisson
equations for degenerating families of Kédhler manifolds, e.g. in [FT23, Theorem 3.2.4]
and in [Cao26].

Remark 3.7. When we assume the degeneration 7: X — D to be semistable and the
continuous function g also satisfies the integrability condition on central fibers,

/ gw" =0,
D

where D runs over all irreducible components of the singular fiber, then we have better
estimates on ¢, the solution to the fiberwise Poisson equations in Proposition 3.5.
Indeed, following the same argument in [Ca026, Theorem 3.5], we have

H%HLoo(XS)

2 , s—0.

[log |s]|
3.B. Small eigenvalues of degenerating Kéahler-Einstein manifolds

In this subsection, we demonstrate that small eigenvalues also appear for degener-
ating families of compact Kéhler manifolds with canonical metrics.

Example 3.8. Let m: X — D be a degenerating family of Calabi—Yau manifolds,
polarized by a relatively ample line bundle L. We equip each smooth fiber X, (s #
0) with the unique Ricci-flat Calabi-Yau metric wSY representing the Kihler class
c1(L)|x,. Let ALY (s) denote the k-th non-zero eigenvalue of the Laplacian on (X, wSY).

Since (X, wSY) is a compact Riemannian manifold with non-negative Ricci curva-
ture, classical results of Cheng [Che75, Corollary 2.2] and Wu-Yang—Zhong [Wu91,

Theorem 14.2] yield the bounds:

1 8k*n(n + 2)
<AY(s) <
diam (X, wCY)2 = 7* (s) < diam (X, wSY)?’

where n is the complex dimension of X, and diam (X, w®Y) is the diameter of (X, w®Y).

In light of recent developments in the geometry of degenerating Calabi—Yau manifolds,
the asymptotic behavior of \{Y(s) depends entirely on the dimension of the essential
skeleton Sk(X) associated to the degeneration (see [KKS06, MN15] for the definition).
Specifically, we have two cases:

e If dim Sk(X) = 0, a result of Rong-Zhang [RZ11a, Theorem 1.4] ensures that the
diameter is uniformly bounded from above and below; that is, there exists a constant
C > 0 independent of s such that C~1 < diam(X,,wSY) < C. Consequently, there
exist uniform constants C;, Cy > 0 such that for all £ > 1,

Cl S /\SY(S> S Cg/{?z.

In this case, there are no small eigenvalues.
e If dimSk(X) > 1, a recent theorem of Li-Tosatti [LT24, Theorem 1.1] establishes

1
that the diameter grows on the order of |log|s||2. That is, for a uniform constant
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C > 0, we have C~! |log |s||% < diam(X,, w®Y) < C [log |s||%. It then follows that
2
Cl S )\gY<S) < CQk
[log |s|

~ |log|s]]
for uniform constants C7,C5 > 0 and all £ > 1. In this case, each fixed non-zero
eigenvalue tends to 0.

Example 3.9. Let 7: X — D be a degenerating family of hyperbolic curves. We equip
each smooth fiber X (s # 0) with its unique K&hler-Einstein (hyperbolic) metric
WP € ¢ (Kyx,). Let \”(s) denote the k-th non-zero eigenvalue of the Laplacian on
(X, WP,

Assume first that the degeneration is stable. By the results of Schoen—Wolpert—
Yau [SWY80] and Masur [Mas76] (see also [GHJO01]), there are exactly Ny, — 1 small
eigenvalues satisfying the following asymptotic bounds:

C
og o = 1) S S AL (0)

&
< — -
~ [log]s||’
where Ny, is the number of irreducible components of the central fiber X;, and
C1,Cy > 0 are constants independent of s.

For a general degeneration of hyperbolic curves, similar asymptotics can be deduced
by passing to its stable model via the Deligne-Mumford stable reduction theorem
[DM69]. We remark that the base change involved in stable reduction induces isometries
on the regular fibers, as the hyperbolic metric is canonically determined by the complex
structure.

Remark 3.10. We expect similar eigenvalue asymptotics to hold for degenerations of
compact Kahler manifolds of general type equipped with canonical Kéhler—Einstein
metrics. This would generalize the behavior observed in Example 3.9 to higher dimen-
sions.

Remark 3.11. For a degenerating family of Fano manifolds equipped with canonical
Kahler-Einstein metrics normalized by Ric(ws) = ws, there are no small eigenvalues.
This follows immediately from the classical theorem of Lichnerowicz, which guarantees
a uniform positive lower bound for the first non-zero eigenvalue of the Laplacian.

3.C. Non-Archimedean picture for small eigenvalues

We now explain how the appearance of small eigenvalues is reflected in the non-
Archimedean limit of a degeneration, in the sense of hybrid convergence of Boucksom—
Jonsson.

We first recall the relevant convergence results for complex Monge-Ampere measures.

Let m: X — D be a projective degeneration of compact complex manifolds, with central
fiber X().

e Suppose that X is a Calabi—Yau degeneration polarized by a relatively ample line
bundle L. We equip each smooth fiber X; (s # 0) with the unique Ricci-flat Calabi-
Yau metric wey s representing ¢y (L)|x,. Boucksom-Jonsson [BJ17] proved that the
Monge-Ampere measures w(y , converge in X hyb £ a Lebesgue-type measure on the
top-dimensional part of the essential skeleton Sk(.X).
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e Suppose that X is a degeneration of compact complex manifolds of general type.
We equip each smooth fiber X, (s # 0) with its unique Kéhler—Einstein metric
wikk,s € ¢1(Kx,). Pille-Schneider [PS22, Theorem A] proved that the Monge-Ampere
measures wyp , converge in X b to a Dirac-type measure supported on the divisorial
valuations corresponding to the irreducible components of the central fiber of the
canonical model X, of X. More precisely,

p= 3 (Kx)" D)oy,
Delrr((Xe)o)

e Let wpg s == wx|x, be the restriction of a background Kéhler metric. Pille-Schneider
[PS22, Theorem B] proved that the Monge-Ampeére measures Wpg s converge in X hyb
to a Dirac-type measure supported on the divisorial valuations corresponding to the
irreducible components of the central fiber of a normal model X of X with reduced

central fiber. More precisely,
[,
D

We next compare these non-Archimedean limits with the spectral behavior of degen-

-
Delrr(Xp)

where v: X — X is the induced map.

erating curves. We use two elementary spectral models for graphs. First, for a finite
connected graph with positive vertex masses, we choose positive edge conductances c,
(for instance ¢, = 1) and use the weighted graph Laplacian on 2(V, u),

(Arph)(©0) = —— 3" e (F(0) = F(w).

1(v)

This is the usual weighted graph Laplacian with vertex measure; see [LLPP15, Section 2,
especially (2.3)—(2.7)] with trivial signature. Its Dirichlet energy is

Z Cow | (V) — f(w)‘2 ,
{v,w}eFE
so, since the graph is connected, the kernel consists exactly of the constant functions.
Hence, if the graph has Nr vertices, the Laplacian has one zero eigenvalue and Ny — 1
positive eigenvalues.

Second, a compact metric graph is a finite graph whose edges are assigned positive
lengths, so that each edge is identified with a compact interval. On such a graph,
we use the standard Kirchhoff Laplacian: it is —d?/dz? on each edge, with continuity
of functions and the Kirchhoff condition at every vertex. Its spectrum is discrete and
satisfies Weyl’s law, so it has infinitely many positive eigenvalues; see [Berl7, Sections 2
and 4.1, especially Lemma 4.4].

e For degenerations of hyperbolic curves with Kéhler—Einstein metrics (X, wkg,s),
the complex-analytic theory gives exactly Nkxg — 1 small eigenvalues, each of order
llog |s|| ", where Nkg is the number of irreducible components of the central fiber of
the canonical model &,; see Example 3.9.

On the non-Archimedean side, the measures wxg, s converge to a Dirac-type measure
supported on the divisorial points corresponding to these irreducible components.
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Since we are working with a stable model, each component carries strictly positive
mass. Thus the dual graph of (X.)g, together with the vertex masses v — pu(v),
becomes a connected weighted graph. Its weighted graph Laplacian has exactly
Nkg — 1 positive eigenvalues. In the hyperbolic setting, graph-asymptotic results
for degenerating Riemann surfaces identify the rescaled small spectrum with the
corresponding graph spectrum in appropriate settings; see [GHJ01]. We expect the
same spectral convergence picture for higher-dimensional general type degenerations.

e For degenerations of complex curves with induced background metrics (X, whg s),
we take as normal model the space F-'X introduced in Equation (2.1), and denote
its central fiber by Z.

The complex-analytic results give exactly Nz — 1 small eigenvalues, each of order
llog|s||~", where Ny is the number of irreducible components of Z; see Theorem 0.4.
Meanwhile, the non-Archimedean convergence theorem gives a Dirac-type limiting
measure supported on the components of Z. Each of these components has strictly
positive mass by Lemma 2.2. Hence the connected dual graph of Z, weighted by v —
w(v), again has a weighted graph Laplacian with exactly N, — 1 positive eigenvalues.

In the reduced curve case with Nz = 2, the product asymptotic of Dai—Yoshikawa
[DY25, Theorem 0.3] implies that the rescaled limit [log|s|| A1(s) exists. We expect
that, for general Nz, the rescaled small eigenvalues converge to the positive eigen-
values of the weighted graph Laplacian of the corresponding dual graph.

e For degenerations of elliptic curves polarized by a relatively ample line bundle L, we
equip each smooth fiber X (s # 0) with the unique Ricci-flat Calabi-Yau metric
wey,s representing ¢ (L)

X,

The complex geometry gives two sharply different possibilities: there are either
no small eigenvalues or infinitely many, depending on the dimension of the essential
skeleton Sk(X); see Example 3.8. The non-Archimedean picture gives the same
dichotomy. If dim Sk(X) = 0, then Sk(X) is a point by connectedness, and the
limiting measure is a Dirac measure. The corresponding graph has one vertex, so its
weighted graph Laplacian has no positive eigenvalues.

If dim Sk(X') = 1, then after passing to a semistable model, the essential skeleton
is a metric graph homeomorphic to S'. The limiting measure is Lebesgue-type on
the edges, with positive density. The resulting metric graph Laplacian behaves like
the Laplacian on a circle, and therefore has infinitely many positive eigenvalues.

Remark 3.12. When X is a degeneration of compact hyperbolic curves equipped with
the Arakelov—Bergman metrics, the corresponding non-Archimedean spectral conver-
gence picture is established in the work of Amini—Nicolussi [AN22]. We also recall that
the hybrid limit of the Arakelov—Bergman measures is the Zhang measure, as proved
by Shivaprasad [Shi24] and by Amini—Nicolussi [AN25] independently.

In summary, these examples suggest a spectral convergence principle for small ei-
genvalues under hybrid convergence. On the complex side, the scale [log |s|| ™" appears
for induced metrics in Theorem 0.4, for Calabi—Yau metrics in Example 3.8, and for
hyperbolic metrics in Example 3.9. On the non-Archimedean side, the convergence of
the Monge-Ampere measures w] is known from work of Boucksom-Jonsson in the
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Calabi—Yau setting, and from work of Pille-Schneider for induced metrics and for
general type degenerations.

In higher dimensions, several substantial pieces of this picture are already available,
including non-Archimedean pluripotential theory, hybrid convergence of Monge—Ampere
measures, and metric convergence results for special classes of Calabi—Yau degenerations.
However, to the best of the author’s knowledge, a general canonical spectral object on
X2, or on Sk(X), together with a convergence theorem for the rescaled Dirichlet
forms and spectra, is not yet available with the same level of generality as in the
one-dimensional theory of Amini—Nicolussi.
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